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Abstract—In this work we consider the collaborative filtering
problem of predicting valuation of items by users, on the basis
of observed valuations. While this is a generic problem with
many applications, we are motivated by the prediction of user
tastes for multimedia content. We take a model-based approach.
Specifically, we assume that the valuations of each user are
distributed according to a Markov random field with tree-based
topology spanning the items. We propose a Maximum Likelihood
approach for identifying the model and performing predictions.
We validate our predictions on the Netflix database. We also
present a way of deploying this technique in a distributed
setting. We then propose enhancements of this method, replacing
the unique Markov tree distribution by a mixture of such
distributions. To identify mixture components, we develop a
spectral clustering algorithm, which allows to partition users
into similar profile groups. This algorithm is proven to identify
hidden clusters under mild assumptions. We finally combine such
clustering with the training of a specific Markov tree model per
cluster. We find that the proposed approach has a reasonable
computational cost, and yields performance comparable to that
of the Netflix Cinematch recommender system.
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I. I NTRODUCTION

We consider the problem of predicting valuation of items
by users, on the basis of observed rankings. More precisely,
we consider the situation where a population of users ranks
items in a given set. Each user has a valuation for each item.
However users reveal their valuation only for a small subset
of items, namely the set items that the users have already
ranked. The goal is then to design an algorithm that uses
the known user valuations to accurately predict the user’s
valuations of all items, i.e. to answer the question“What is
the user’s valuation of an unranked item given that we know
the user’s current rankings?”Such a system (algorithm) is
also referred to as a recommender system. This problem has
many important applications, particular in the context of e-
commerce sites that offer a large number of products. For
example, Amazon.com uses a recommender system to suggest
to customers books based on the book rankings that a customer
has provided. Similarly, the online movie rental company
Netflix uses a recommender system to suggest movies to
customers. Recommender systems can potentially also be used
in the context social networking applications that have become
increasingly popular.

In this work, we assume that the valuations of each user
are distributed according to a Markov random field with tree-
based topology spanning the items. In section II we adapt a
Maximum Likelihood approach for identifying the parameters
of this model and performing value predictions. In section III,
we propose enhancements of aforementioned method, replac-
ing the unique Markov tree distribution by a mixture of such
distributions. To identify mixture components, we developa
spectral clustering algorithm, which allows to partition users
into similar profile groups. This algorithm is proven to identify
hidden clusters under assumptions less restrictive than inprior
work [3], [4]. We combine such clustering with the training
of a specific Markov tree model per cluster. We find that the
proposed approach has a reasonable computational cost.

II. CHOW L IU TREES

Let T = (V, E) be a tree. Assume that in each vertexv ∈ V

of the graph we have a random variableXv over a discrete
spaceSv. Also assume each of theXv have a probability
mass function (PMF)Tv which is strictly positive in every
point xv of the corresponding spaceSv. We study, like in [1],
distributions of the following form:

T :
∏

v∈V

Sv → [0, 1] T (x) =

∏

(u,v)∈E Tuv(xu, xv)
∏

v∈V Tv(xv)deg(v)−1
(1)

The marginal distributionsTu(xu) = P(Xu = xu) and
Tuv(xu, xv) = P(Xu = xu, Xv = xv) should satisfy

Tu(xu) =

∫

Tuv(xu, xv) dxv, ∀v 6= u (2)

We say that the marginal distributions areconsistent. This type
of distribution is a particular case of a Markov Random Field
(MRF). More general MRFs span over any kind of undirected
graphs. We chose to study tree-based distributions, since trees
have attractive properties which lead to low computational
complexity.

We find a tree-based MRF of the form (1) which best models
ann-th order multivariate distribution, based on a finite set of
samples from it. Trying to find a model for the true distribution
in the same form of ann-th order multivariate distribution is
not feasible (its storage only would require an exponential
amount of memory, namely

∏

v∈V |Sv|). We then employ this
estimator for the Collaborative Filtering problem.



Algorithm 1 is proposed in [1]. It constructs the maximum
weight spanning tree over the complete empirical mutual
information graph. The resulting tree-estimator for the true
law P(·) is then shown to be the best one.

Algorithm 1 Chow-Liu algorithm for maximum likelihood
tree structure estimation
CHOW-L IU({x1, . . . ,xs})

1: Compute the sample marginal distributionsPv, Puv for
u, v ∈ V

2: Compute the sample mutual informationIuv =
∑

xu,xv
Puv(xu, xv) log Puv(xu,xv)

Pu(xu)Pv(xv) , ∀u, v ∈ V

3: Compute the maximum weight spanning treeET =
MWST({Iuv})

4: SetTuv := Puv, for (u, v) ∈ ET

III. SPECTRAL CLUSTERING

We now describe our technique for separating users into
disjoint clusters. Several methods relying on spectral proper-
ties of suitable matrices have been developed in the past, the
closest to ours being those of Boppana [5], McSherry [4] and
Ng et al. [3]. However, their approaches and results differ in
several ways.

We assume that we are given aconflict matrix A. A is
assumed to be symmetric, each entryAij is assumed to be non-
negative, and interpreted as a measure of the disagreement over
content ratings between two usersi andj in our collaborative
filtering context. Diagonal entriesAii all equal 0. For instance,
Aij could be set to 1 if the two users issue distinct ratings on at
leastT different movies, for some thresholdT . Alternatively,
Aij could count the fraction of distinct ratings made byi and
j over the collection of movies they both rated, in which case
Aij could take any value between0 and 1.

Our aim is to partition the index set into clusters, so that
most conflicts are between indices from distinct clusters.

We show that the proposed algorithm successfully recov-
ers some hidden cluster structure under specific statistical
assumptions. Namely, we consider the following “planted
partition” model, previously considered by McSherry in [4], a
generalization of the model considered in [5] and [2].

The extended planted partition model is as follows. Indices
are partitioned intoK distinct clustersC1, . . ., CK . The
conflict valuesAij are assumed to be random, with values
in [0, 1], and independent across all index pairs(i, j), i < j.
Moreover, for alli < j, these variables are assumed to verify
the following:

E(Aij) =

{

pkk if both i, j ∈ Ck for some clusterCk,

pk` if i andj belong to distinct clustersCk andC`.

In this context, we prove the following
Theorem 1:Consider a conflict matrixA distributed ac-

cording to the above planted partition model. Assume that the
number of clustersK is fixed, the initial number of indices
N is large, and the size of clusterCk verifies |Ck| ∼ αkN

for some fixed positive parametersαk such thatmink αk > 0.

Algorithm 2 Spectral clustering algorithm
SPECTRAL-CLUSTERING(z)

1: Associate to each indexn = 1, . . . , N the corresponding
(K − 1)-dimensional vectorzn := (z

(n)
1 , . . . , z

(n)
K−1),

consisting of the corresponding coordinates of the eigen-
vectorsz(1), . . . , z(K − 1) of A.

2: Pick M indices n(1), . . . , n(M) uniformly at random
from {1, . . . , N}, for some suitableM .

3: repeat
4: Identify the two indicesn(i), n(j) that achieve the

smallest Euclidean distance||zn(i) − zn(j)|| among all
M indices.

5: Removen(j) and setM to M − 1.
6: until M = K

7: The remainingK indices, sayn(1), . . . , n(K) now serve
as cluster representatives. Assign any other indexn to
that representative that achieves the minimum in{||zn(i)−
zn||, i = 1 . . . , K}.

Assume that the conflict matrixP is such thatpk` = bk`
ωN

N
,

wherelimN→∞ ωN = +∞ for some fixedbk` and

∀k 6= k′, sup
`

|bk` − bk′`| > 0. (3)

Let the initial number of candidate cluster representatives
M be fixed. Then with high probability, the above algorithm
partitions indices into the original clusters, except for at most
o(N) mis-classified indices.
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