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Impact of TCP-Like Congestion Control on
the Throughput of Multicast Groups

Augustin Chaintreau, Francois Baccelli, and Christophe Diot

Abstract—We study the impact of random queueing delays congestion control does not in fact force multicast sessions to
stemming from traffic variability on the performance of a mul-  suffer very low bandwidth. Bhattacharyga al. [15] analyzed
ticast session. With a simple analytical model, we analyze the the impact of TCP-like congestion control on the throughput

throughput degradation within a multicast (one-to-many) tree . .
under TCP-like congestion and flow control. We use the (max,plus) of a multicast session. They showed that for loss-based ad-

formalism together with methods based on stochastic comparison ditive-increase—multiplicative-decrease (AIMD) algorithms,
(association and convex ordering) and on the theory of extremes to there is a severe degradation of throughput for large multicast
prove various properties of the throughput. We first prove thatthe  groups.

thrqughput predicted by a det.ermlnl.stlc model is systematically We extend the findings in [1] and [15] by showing that even
optimistic. In the presence of light-tailed random delays, we show . th f ideal TCP trol when the fl trol
that the throughput decreases according to the inverse of the 'n. e ca;e 9 an ldea _Con ro, when the tiow contro
logarithm of the number of receivers. We find analytically an Window size is kept equal to its maximal value and when no
upper and a lower bound for the throughput degradation. Within ~ losses occur, there remains a severe throughput degradation
these pounds, we characterize thPT degradation which is obtained within a one-to-many multicast tree when the group size grows.
for various tree topologies. In particular, we observe that a class Intuitively, in this ideal case, the session throughput is still

of trees commonly found in IP multicast sessions is significantly ted to d hen th b f : .
more sensitive to traffic variability than other topologies. expected to : ecrease when the number Of receivers increases
for the following two reasons.

» Due to the stochastic assumptions, when a new receiver
joins, it may add a new link whose bandwidth is less than
that of any of the links already present in the tree.

I. INTRODUCTION  Due to the fact that the congestion control mechanism is
CP-FRIENDLY congestion control has been advocated by  based on information stemming from all receivers, slow
the Internet Research Task Force (IRTF) Reliable Multi-  receivers will “slow down” the sender.

cast Research Group (RMRGyyhere a TCP-friendly flow is a In other words, the higher the number of receivers, the higher

flow that competes “fairly” with TCP connections. Several rethe chance that one of them is slow enough to affect the global

cent papers have focused on a TCP-friendly solution for the cqserformance.

trol of multicast [10]-[12]. In particular, Golestani and Sabnani We have chosen to model a multicast session as follows.

[1] have made some fundamental observations on multicast fl®aickets are sent by a unique sender located at the root of a set

and congestion control using a deterministic model. of routers organized as a tree to a set of receivers located at the

This paper goes a step forward from [1] in providing ateaves of this tree. This tree is referred to asftrevard tree
understanding of additional properties of TCP-like congestionThe transmission is controlled by a TCP-like congestion
control in a network with random delays due to cross-trafficontrol mechanism where each receiver sends acknowledg-
variation. This step is of practical importance in that it esnents back to the sender, and where the sender throughput is
tablishes the dependence of a multicast session’s throughgsttrolled by a sliding window mechanism.
on the number of receivers, and consequently refines obserThe model captures congestion via the queueing delay that
vations learned from a deterministic model. Since multicashch packet experiences in each router it passes through. More
deployment will most probably be pushed by single-sourggecisely, the fluctuations due to the processing of packets of
applications with high bandwidth requirements and a larggher (unicast or multicast) connections sharing the same router
number of receivers, it is important to check whether TCP-likaterface are represented by random service times for packets of

the reference multicast connection. These random service times
are also callecggregated service timgsee Section 1I-B and
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i - I arithm of the number of receivers. This qualitative result pri-
|; : hir marily stems from the light-tail assumption on delays and holds
o ' - for quite general (nondegenerate) tree topologies. It explains the
- - . . general shape obtained by simulation for throughput degrada-
I' tion. Within these bounds, we characterize the fine structure of

i5=0 degradation depending on the tree topology. We analyze three
different families of tree topologies. First, we analytassical
binary trees We then consider a class of trees commonly found

8 in IP multicast sessions [9], [13] which we calinbrella trees
We show that this class of trees is significantly more sensitive to
(@ (b) variability than other topologies, and that in some cases, these
Fig. 1. Representation of a router. (a) A router. (b) Our model. topologies reach the lower bound. We finally characterize the

throughput degradation curve for a class of optimal trees called

L . reverse-umbrella trees
assume that all routers have infinite buffers and consider that the

network is lossless and that the window size is fixed.

We have chosen to model a homogeneous tree, i.e., each re-
ceiver is equally distant from the source, and all routers at theWe first introduce the (max,plus) algebra, show how it can be
same levelin the tree have the same aggregated service timeaed to represent a connection through a network on a simple
tribution. This assumption allows us to design a simpler modexample, and apply this representation to multicast.
without losing the properties we want to observe.

All the assumptions that we make about the network (trée Introduction to the (max,plus) Algebra

homogeneity), about transmission control (no losses, windowWe first consider the scalar algebra, namely the set

size always equal to its maximal value), and about delays (Iiglﬁ)-‘gl—mX — R U {—oc}, which we endow with two operations

tailed) have been carefully selected to provide an optimistic Netat are different from the usual ones: the max operation

work gnwronment. We show that even in this favorable Conte(ﬁenotedv) replaces the usual addition, and addition, with the
there is a severe decrease of the throughput when the numbet 0f antion YacR — 0 +a = —o), replaces the usual
receivers increases. Note that, as will be better understood fHﬁ]ItipIication ma -

therin the paper, the homogeneous case is also the one where thg,ia that this structure has all the properties required to make
size of the group has the strongestimpact; this point is discus$egh mmutative semi-ring: associativity, commutativity, identity

in Section V. , , , elements, and distributivity(¥ a, b, ¢ € Ruax, a 4+ (b V ¢) =
To the best of our knowledge, this work is the first to addre $ + bV (a+ c)).

analytically the question of multicast session throughput degr “Since(R V, +) is a semi-ring, we can construct matrix
dation due to network queueing delays, for different tree topolgs o ations as in the conventional algebra, with the addition of

gies, in a TCP-like congestion control environment. Althougfy,yrices obtained via term-by-term maximization, and multipli-
we limited this first study to some simple cases, we belieye,iio defined by the ruléAB); ; = maxy(A; 1, + By ;). We
7 T ik T, K 20/

that our mathematical methodology can be expanded to analyze,ie - the matrix filled withe everywhere, andithe iden-
more general cases either with adaptive AIMD-type wmdoWty matrix (¢ on the diagonal and everywhere else).
evolution, or with other situations such as heavy-tailed delaysy;m: Let||.|| denote the matrix norfA\|| = max; ;(A; ;)

. . B P AN P

or nonhomogeneous trees, etc., as discussed in Section V. Product of a large number of matrices, Lyapunov expo-

The paper is structured as follows. In Segtion I, we bu”Hent: We start from the following result shown in [3].
our analytical model on the (max,plus) formalism [3]. Note that 1 aorem 1: Let (A, )ns0 be a sequence of random square

this algebraic framework is also the basis of network calculys,ices irR indepéndent with the same law and with coef-
[4], [5]. However, the stochastic analysis and the bounds th oo

i A e : flients that are either with probability 1, or with finite expec-
are derived in th|s.paper are quite different in ngture from tl?ﬁtion; then we have

worst-case analysis of network calculus. In Section Ill, we de-

rive an algebraic simulatdfrom our analytical model. Simula- AR Ayl

tions show that the throughput obtained from the deterministic ,,}Ef;o m =7 )
model in [1] is systematically optimistic. We study throughput

degradation for a large number of receivers and for different tre€xpectation and with probability 1, whereis a constant
topologies. We further generalize our simulation results wigglled the (max,plus)yapunov exponertdf this sequence of
the help of the (max,plus) model. In Section IV, we analyzZ&atrices.

the model using the notion of positive correlation (also called In the following, we will make use of the following corollary
association), as well as the notion of maximal characteristiédiere the assumptions are those of the above theorem; the di-
[7]. The throughput is shown to be upper and lower bound&gension of the matrices i&; Yy is a vector of dimensiod(
by functions that decrease according to the inverse of the log-

30Operationv acts as a new addition, whose zero is the element (denoted
20ur simulator is based on algebraic operations as found in the model,bgs:), and operation- acts as a new multiplication, with the element 0 acting
opposed to a discrete event simulator such as NS (see Section IlI-A). as a new unit (which we denote by.

II. (MAX,PLUS) REPRESENTATION
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We denote bysg,? the aggregated service time of theth
packet of the controlled connection on routeand bya:ﬁ,? the
time when routef has completed the processing and forwarding
of packetm.

* Router: > 1 starts processing packet as soon as it has
finished processing packet— 1, and the upstream router
has forwarded packet.. After it has started processing
this packet,sg,? units of time are still required to process

®3) it. This processing time actually includes the processing

time of all the packets of the other connections interleaved
between packet — 1 and packet of the reference con-

nection. So we have far> 1

xﬁj) = (azg,?_l \ a:ﬁ,i—l)) + sﬁj).

with its first L < K entries equal te and all others equal te.
(Yo )m>o is defined by the (max,plus) linear recurrence
Y, =PnYn_1, form > 0. 2)

Corollary 1: Ifforall m, ||P,,|| is reached by an entry &,
within the first L lines and columns, then we have

lim —HYmH =
m—oo m
in expectation and with probability 1, whetes the Lyapunov
exponent of the sequen¢®,,, ), >o.
Proof: The property of (P,,)m>0 is stable under
multiplication of the matrix, so thatP,,P,,_1---P;
has this property. Therefore, it is easy to verify that the

largest element ofP,,, Ppm_1, ..., Py
largest element ofP,,, Pp_1, ..., P1Yy, SO we have
1Yol = [[Pm; Pm1, ..., P1]| and the conclusion follows
from the theorem. [ ]

is equal to the » The sender (considered as router 1) sends packetn

as soon as it has finished with packet— 1, provided
that the window control allows packet to be sent. (This
is the meaning behind the assumption that the source is

saturated, namely, it always has packets to send). We now

B. (max,plus) Representation of a Network have

We illustrate the (max,plus) modeling of a network via
a simple example: a point-to-point end-to-end connection
through L routers (numbered 1 td) where the window ‘
flow control has a fixed-size windowV. (This model and Let X, be the vector of dimensioh with entries(z5,); <i<z.,
its multicast extension were introduced in [6].) The sender @d Y, be the block vector of dimensioAW with blocks
incorporated into the first router, and the receiver into the la&tn; Xm—1, - -, Xm_wy1. We can capture the dynamics of
router. The multicast model we will present in Section 1I-C is &he network by a (max,plus) linear recurrence
simple extension of this preliminary example.

Routers in the network receive packets belonging to both{Y0 -

al) = (35(1) 1V ngzw) + s,

m—

the vector with all its coordinates equaldo
Y, =

. . . P,.Y,—-1 form>0 )
the reference connection and other connections sharing the\ °™ mam
same interface. Each router is represented in our model a§kere the matrixP,,, has the following block structure (each
FIFO queue with an infinite buffércontaining only packets of pock is a square block of dimensidy:
the reference connection. Each one is given a random service
time that is also callechggregated service timbecause it Sm € - & Wy
includes the processing time of cross traffic packets. As shown l e - & £
in Fig. 1, where packets belonging to other connections are P, = . : :
colored in black, the aggregated service time used in the queue
of our model contains the processing time of the reference
packet and the time taken by packets intervening between two
packets of the reference connection. (1) e e ... £

m
m

S
Assuming that the connection under consideration stabilizes, 5L :Sg) P ¢
it is natural to make the assumption that the aggregated service Sm = : _ _
times of our router are identically distributed for the different ' ' :
CONTSIAC D) e (L)
Sm” + + Sm Sm

packets of the connection. We also assume aggregated service
time independence for the sake of simplicity, i.e., aggregated
service times for different routers in the network are indepen-
dent, and the sequence of aggregated service times on a router
is made up of independent and identically distributed random
variables. This assumption is critical for the type of degradation
that is established in this paper; however, it can be significantly
weakened for many other aspects like the representation of the
network via products of random matrices and the subsequent
characterization of throughput.

W, represents the window control mechanism. In this
case, we havéW,,,); ; equal toe if j # L and t03§$) +
---+s§,’3 fori=1,..., Landj = L.

* S, represents the forwarding mechanism in the network,
and($.):, ; is more generally given by the maximum over
all paths leading from to j of the sum of aggregated
service times for packet, on the path from routey to
router: (including bothi andy).

Note that if aggregated service times are independent and iden-

4Note that since the buffers are of infinite size, no loss occurs. As tf’cally distributed. then the matricéE’ ) <o are alsoindepen-
result, the window size is assumed to reach its maximal value and ’ mm=

remain constant. Nevertheless, congestion (i.e., large aggregated seré%@t a”‘?' idemica"Y distributed; we can then apply Coroll_ary 1,
time in routers) plays a key role in our model. which gives the existence tifin,,,—,o.(||Y;.||/m) = ~ both in
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Fig. 2. “Forward and backward” graph.

expectation and with probability 4.is called thed.yapunov ex- the path from the sender to this receiver in the forward tree,
ponentof this sequence of matrices. SintE,, || represents the and let f(D + 1, @), f(D + 2,4), ..., f(2D, i) denote the
epoch when packet: has arrived at its destination, the Lya<different routers in the feedback tree transmitting acknowledg-
punov exponent represents the mean delay between the recepnts from receiverback to the sender. By definition, tipath
tion times of two successive packets an@ is, therefore, the of receiver: is the sequencg(l, ), fg2, i), ..., (2D, 7).
average thoughput i.e., the total amount of data transmitted~or router f(d, ), we denote by * " the aggregated ser-
since the beginning of the session divided by the duration gite time of thenth packet on this router.
the session. In the following section, we extend this model to With this notation
multicast. ] ] ]

S0 = SUL) 4 L s2DD) (5)

C. Representation of Multicast Flow Control is the (minimal) round-trip time (RTT) of packet on the path

A single source broadcasts packets over a unidirectional tt@@t contains receiver
to NV receivers. Each node in the forward tree simultaneouslyHomogeneity is an important difference from the assump-
duplicates and forwards each packet on the downstre&gns in Golestani’'s model [1]. Given his conclusion that re-
branches. Acknowledgments (acks) are forwarded back to #vers should have a window size proportional to their distance
source through a feedback tree that is a mirror version of them the source, it makes sense to consider a homogeneous tree
forward tree. We assume that the feedback tree is functionalijth a single window.
independent of the forward tree. In the feedback tree, the ack\ote that homogeneity allows for quite complex tree struc-
of a packet only arrives in router when the latest ack of tures. Homogeneous trees are complex enough to illustrate the
the same packet has been sent by the routers upstream. frisperties we want to stress. They also make the comparisons
then transmitted by router after some queueing delay. Thepetween different topologies easier.
aggregation of acknowledgments in each router of the feedbackrhe network model described earlier can be written in a way
tree allows one to take care of the implosion problem (see [1§imilar to that of Section 1I-B. LefX,,, be theR,,... vector of
The case of a binary tree is shown in Fig. 2. dimensionL where entry: is the departure time of packet

The flow control is enforced by the sender; itis again based @m routeri. The first entry corresponds to the router of level
a sliding window mechanism, of constant sizé The sender 0 in the tree (the source), and the last entry corresponds to the
only sends packet + W when the ack of packet has been router of the highest leve2), at the end of the feedback tree,
received from the final router of the feedback tree. which can be seen as that of the final aggregationYl.gbe the

We have chosen to model homogeneous trees only. Honock vector of dimensiod W built on top of (X;n)m>0 and
geneity means that the path from the sender to each receivagiffich captures the history df,,, in the same way as above. We
statistically the same for all receivers, i.e., there are the safg/e the same (max,plus) linear systemifgras in (4), though
number of routers, and the aggregated service time distributigfth different matrices.
is the same for all routers at the same Iével. P,,. has the same block structure as before. The blbgk

We still denote byL the total number of routers in the net-s defined as follows: iff(d7 i) is routerl, then(W,,,); 1, =

work, andD the depth of the forward tree. For receivgwe .. . SR PeLCEDIT NECE) , whereR(]) is the set of

let f(1, i), (2, 4), ..., f(D, i) denote the different routers onyeceivers whose path contalns routeand all other rows are.

5Two routers in the graph have the same level if they are the same distancel N€ blockS,,, is aga_'n the maximum over al! paths frdfrto
from the sender. [ of the sums of the different aggregated service times (of order
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CL FO UL

m) along the path (with the maximum over an empty set equal
to £ by convention).

The sequencéP,,).,>o IS again independent identically
distributed (i.i.d.), which allows us to deduce from Corollary 1
the existence of the Lyapunov exponent, which is given by
lim,, oo (||Y]|/m) and that represents the mean delay be-
tween the reception of two successive packets in receivers,
or, equivalently, the inverse of the averaged throughput of the
connection.

Common links Fan-Out Unicast Session at the end

Fig. 3. Trees generic topology.

suffer random delays in the network before being received by
the sender; nevertheless, we do not consider this in our paper.

. . . Let us first consider a complete binary tree with heifrand
The simulator described below is based on products \?/\(th total number of leaves gqualﬁég y iora

matrices and vectors; the pro_duct by one more rendom M3\ need first to vary the number of receivers of a multicast
trix provides the exact emulation of the transmission of ong

ssion to make it possible to study how the throughput varies
more packet through the whole network under the contr P y ghp

i iously d ibed. This simulator | val itth the size of the group. For every binary tree of sizk we
assumplions previously described. This Simufator 1S éqUIVaIRh, qiqar 5 set ofV “active” receivers that is a subset of the

to a discrete event simulator. Its advantages with reSpeCtIe%ves of the complete binary (forward) tré¥ < 2P). For

discrete event simulatio_n are: 1) its algebraic nature make fs, we simply set the aggregated service times to be equal to
of '°_Wer complexity, which is important when the_ ”“".‘ber O%ero in all the routers that do not forward packets to an active
receivers becomes.large, and 2.) the same formalism is use eCeiver. So we can use the general equations for the complete
the simulation and in the analytical studies. binary tree with these special values of the aggregated service

times to analyze the sub-binary tree corresponding to this subset
A. Description of the Simulator of NV leaves.

o _ The tree topologies we study are represented in Fig. 3. These
We can compute the Lyapunov exponent which is the ifgspologies consist of three parts.

verse of the average throughput for the connection, and which
can be obtained from the simulator as the almost sure limit
v = limpym—oo(]|Yim||/m). In practice, we can estimate by
|[Yar||/M for alarge enough value d. The numerical simu-
lator samples different random variables for aggregated service
times in the routers, then builds the matfixand multiplies the
current value o¥” by . After A steps, we havk), and, hence, that there is no duplication of the packet in this part of the
areasonable approxm_ano_n oiif M is chosen !oroperly). tree, and no link shared by different receivers).

As far as the simulation is concerned, there is a natural com-

putational tradeoff between the accuracy of the estimation ofth_el'JSIng this parametric representation of tree topologies, we

Lyapunov exponent and the simulation of multicast groups Wimmulate thr_ee types of trees represented in Fig. 4. In addition to

a large number of receivers. The accuracy of the throughput ggmplete binary trees, we consider:

timator requires the simulation of a large number of packets, or, * Umbrella treesThese trees end with a long unicast trans-

equivalently, the computation of the product of a large number ~ Mission after a short fan-out (large value Gf). The

of matrices, whereas a large group implies the manipulation of  limiting case is that with one independent path from the

large matrices. In order to simulate large multicast groups, we ~ Source to each receiver. It is characteristic of a multicast

had to accept moderately accurate estimates (i.e., rather large trée where the receivers share only a few links. This kind

confidence intervals) for the Lyapunov exponents. In mostofthe ~ Of topology is identified in [9] and [13] as being often

simulation runs, we tooR4 = 400. This choice results in rather found in Mbone sessions.

nonsmooth shapes for most of the simulation curves produced® Reverse umbrella treePackets are forwarded first along

below. However, as we see in the next section, this is sufficient & long common path, and then a short fan-out ends the

to estimate the general shape and the relative ordering between transmission (large value 6fL). Intuitively, this kind of

the curves. topology is optimal, as the receivers’ behavior differs only
1) Modeling the Topologyin addition to the homogeneity by a few links.

assumption that we stressed in Section Il, we further assume thiagse categories will be more precisely defined and analytically

all aggregated service times in the feedback tree are zero (istudied in Section IV-C.

as soon as all copies of packet have reached the receivers,

the sender instantaneously receives the acknowledgment %'fro emulate any topology from a binary tree, one can set aggregated service

packetm). It corresponds to an optimistic scenario. Our modeg}, '

; . e deterministically null in some of the links; this is equivalent to not taking
can easily take into account the case where acknowledgmenhése links into account.

I1l. SIMULATION RESULTS

« Afirst set of CL links which is common to all receivers.

A fan-out whose total depth i8O. The first step of this
fan-out iskary (degree k for the first node of the fan-
out), all the other fan-outs are binary (degree 2 everywhere
else).

A unicast transmission of deptiil. (unicast in the sense
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ﬂh /)\\ deterministic case
I O |
(b) (©

Tree : CL=0, FO=6, UL=0
(@)

09 | Window = 12 B
Fig. 4. Fundamental types of tree topologies observed. (a) Umbrella tr
(b) Complete binary tree. (c) Reverse umbrella tree.

08 | .
B. Average Thoughput Versus Number of Receivers

Throughput

This section focuses on the degradation of performan
(i.e., increase of the Lyapunov exponent) when the number 97
receivers increases in the multicast group. .

We start the simulation by taking one active receiver in R i
binary tree, and by computing the associated (max,plus) line o6} emeee- S .
recurrence oY in order to estimate. Then we pick another re-
ceiver in the tree, add it to the current tree and compute the sa
simulation (which gives the value effor two receivers). Then
we progressively fill the tree with more and more receivers. 1 10 20 30 40 50 60

We simulate different ways of filling in the tree. “Best filling” Number of Receivers
COOSIStS in starting from receiver 1,(nur_nbers refer to Fig. 2) aE|d . Average throughput versus number of receivers in a binary tree with
taking at each step the “next” receiver in the order suggestedii-tailed delays.
the numbering. We also consider “random filling,” where each
new receiver to join is chosen randomly. In what follows, the
default option is random filling. 2 '

Simulation results are shown in Figs. 5-12. The aggregat
service times in the routers follow an exponential law with th
same parametehj for each router in the network, sothattheho 18} -
mogeneity condition is satisfied. In each simulatidms chosen
in such a way that the sum of the aggregated service times al
a path from the sender to any receiver has a mean value equi
1\ = D).

Note that for homogeneous trees with deterministic aggr<
gated service times, there is no dependency of the throughpu:£
the number of receivers, since each receiver has the same £ 14 Tree : CL=0, FO=6, UL=0 1
and behaves synchronously with other receivers in the mu'g 4 Window = 12
cast group. For each plot, we have represented the value of=
throughput in the deterministic case as found by Golestani [:
which is equal to 1 for this choice of.

Fig. 6 is obtained by simulating a complete binary tree ¢
length 6(CL = 0, FO = 6, UL = 0), with a window of deterministic case
size 12. Each router of the tree has an exponential aggrege 1
service time with mean value 1. The feedback tree has a n 1 s T Ty T T, 0 50 64
aggregated service time on all routers. Number of Receivers

The firstimportant observation is that the average throughput
decreases according to the inverse of the logarithm of thig- 6. Same experiment as Fig. 5: inverse of the throughput versus number of

. . receivers in logscale.
number of receivers. To verify that the throughput decreases
logarithmically with the number of receivers, we plot in
Figs. 6-12 the number of receivers on a logarithmic scaleThe important throughput drop between one and two re-
(x axis) and, on the vertical axis, the Lyapunov exponeneivers can be explained by the homogeneous nature of the tree
instead of the throughput. Above two receivers, each curvetigt leads the second receiver to join the tree with a path of
close to a straight line, which indeed shows the logarithmiengthCL + FO + UL. Then the throughput keeps decreasing
nature of the throughput decrease. This is completely differegignificantly until there are 20 participants. Between 40 and
from what is obtained with a deterministic approach whicBO receivers, the throughput stabilizes around 50% of the
seems to give a pretty optimistic evaluation of the throughpdeterministic case.
(represented by the horizontal line). This observation will be Another important remark is that even when there is only one
verified analytically in the next section. receiver, the throughput obtained by the stochastic model is sig-

N2
P

put

16 F e .

rough
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Fig. 7. Simulation for bounded and unbounded aggregated service time. fgjg 8. Simulation for various tree depths.

nificantly less than that of the deterministic model. For a theoret-

: : . , ualitatively the same, at least when variance is not too small,
ical explanation based on convex ordering, see Section v-83 y

The same kind of throughput degradation has also been giid this generic case seems to be the most favorable when com-
: . . pared with heavier Pareto-type tails.
served in [15], where it was a consequence of the overestini4:

tion of the loss probability by TCP running over a tree insteascielr?/iizetifg(leoswmg simulations, we use unbounded aggregated

of a route. In [15], the nature of the throughput degradation re-z) Analysis of Various Network Parameteri order to

sulted from the binary assumption on the tree topology. Here .
the reasons for degradation are quite different, as the wind \pvdggﬁ?odnthvsemgsgt\grri]:év:?ertb\,%?&an;?;?;se tOer; Sthltiithrgusghr:)p\)/\lljst
of TCP is supposed to be fixed and no loss occurs. As we stﬁﬁg ' P - Mg

see, a similar degradation is observed for all topologies, as s O the throughput decreases for various tree depth values.

as variability of the cross traffic leads to light-tailed aggregat(-riéi en the trees are homoge”‘?ous and aggrega’Fed service
ST Imes all have the same distribution, the tree depth influences
service time in the network.

1) Influence of the Stochastic Assumptiorigefore further th.e throughput by the fact.that each Teceiver joins the Free
with a path whose length is the maximum tree depth (i.e.,

investigating the shape of the throughput degradation, we h%( +FO +UL). The deeper the tree, the faster the throughput

to verify that the shape of the degradation is not a direct COnsd%_crer:lse. We have chosen a default size of 6, which allows us

guence of the nature of the network delays. . - .
to simulate a sufficiently large number of receivers.

Fig. 7 gives throughput as a function of the number of re- Fig. 9 focuses on the influence of the window size. We have

ceivers for aggregated service times belonging to the class e . . .
(bounded support) truncated exponential distribution functioncsﬂosen 12 as a default value; this value is sensible and it keeps

. : .Simulation times low enough.
Since the mean values are not preserved by truncation ofaglvelqina"y, we checked, as shown in Fig. 10, the influence of

exponential density, the relative positions of the curves are qﬁte fillina alaorithm on throuahout dearadation. As expected
particularly meaningful. g aig ghp 9 : P ,

The mostinteresting remark to be made comes from the shiﬁgg%n;z ;:::Iend t{fe?s s%f:sr ; frfg?éi(f:\ilsezeatshr?g%zpr;gelcl:?ﬁze
of the curves. We observe the very same logarithmic decreas 9 ' Y piain.

as - . ’
in the bounded case. This is particularly clear when looking ga}ndom filing approach, adding a new receiver generally adds
the case where the truncation threshold is large (i.e., equal 0’5

re network links than in the best filling approach, where a
which leads to a throughput that is quite close to the unboundgg’ '€CEVer systematically adds the minimal possible number
case. Thus, we can conclude from these curves that the sh%pénks'
of the degradation is not bound to the exponential assumption. .

Our observation is rather that all distribution functions with & Analysis of the Tree Topology

tail bounded from above by a negative exponential function leadWe now simulate the tree topologies described in Sec-
to such a decrease for some finite range provided variancei@ IlI-A-1 with window size equal to 12 and with a random
nonzero. For heavier tails (e.g., Pareto tails), preliminary resufiiing technique. The total depth of the tree is always equal
seem to suggest that the growth of the Lyapunov exponentas6. We only vary the value o' L, F'O, and U L with the
polynomial. So, the bounded support and the light-tail cases aten being 6. In a deterministic model, all trees of the same
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length would have the same performance (depending only group. The throughput of an umbrella tree has already decreased
the RTT). Fig. 11 plots various umbrella trees and Fig. 12 plots 78%, compared with the case with one receiver, for a group
various reverse-umbrella trees. In both case, the binary tmaade of seven receivers, while a reverse-umbrella tree reaches
the same throughput for 19 receivers. A throughput decrease of
First, varying the topology of the tree significantly influence81% (still compared with the case with one receiver) is reached
(up to 20%) the throughput. The second observation is that méth an umbrella tree for three receivers; with a binary tree,
verse-umbrella trees perform systematically better than binahe same rate is obtained for seven receivers and with a reverse
umbrella tree for ten receivers. For a group with three receivers,
We also observe that the closer the fan-out from the receivettse throughput degradation (still compared with the case with
the higher the throughput. Thus, trees where receivers share teve receiver) is 36% higher for an umbrella tree than for a binary
links are much more sensitive to the number of receivers in ttree. This observation is very important, as the current Internet

case is given as a reference.

trees, which perform better than umbrella trees.
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topology seems to favor umbrella trees. Note that such treed ater in this paper, we will use the following properties of the
were also shown to be optimal in terms of network resourstochastic order.

consumption (for more detail, see [2]). Proposition 3: Assume thatthe random variabl€$;);—1._
are independent, and that the random variabés,_; . ,, are
IV. M ATHEMATICAL ANALYSIS OF THROUGHPUT also independent. Then:

In this section, our goal is first to give mathematical argu- 1) Stochastic order is preservediayx operation: if for all
ments substantiating the growth of the Lyapunov exponent in % Xi st Y3, thenmax; X; <., max; Y.
In(V) that was observed in the simulations. Second, we give 2) Stochastic order is preserved by sum: if forialK; <.,
mathematical arguments explaining why and how certain trees Y, then}_; Xi <. 32, Yi.
or certain situations should compare in a predictable way. 2) Maximal Characteristics:We need an analytical tool that
In order to characterize the throughput in our model, we uéll give us the behavior ofnax," X; as a function ofV and of
a few basic notions of stochastic comparisconvex ordering the law of variableg X;);>o, when they are independent and
which will help us to compare the deterministic case and tfi@entically distributed. The maximal characteristics theory of
random case, the notion afssociation of random variables Lai and Robbins [7] provides such results, with a few assump-
which will help us to express the correlation between differefions on the law ofX; (satisfied by the exponential case and the
receivers, and the notion ahaximal characteristicswhich Gamma law case).
comes from the theory of extremes, and which will allow us to Theorem 2 (Lai and Robbins Maximal Characteristictpet

get explicit bounds on the performances. (Xin)m>0 be a sequence &, -valued i.i.d. random variables.
Assume that their common cumulative distribution functiéon
A. Mathematical Tools satisfies

1) Association and Stochastic Order:
Definition and construction property: A set of real random (Vu=0, F(u)<1)
variables is said to be “associated” if for everye N, and for : 1—F(ew)
Al , Ye> 1, lim =0). (20)
every subset of cardinality X1, ..., X,, of random variables u—too 1 — F(u)
in this set, and for all functiong andg increasing in each of its

variables. we have Letuy=inf{u > 0|1 — F(u) < 1/N}, then we have

E[f(X1, ..., Xo)g(X1s ..., Xn)] [E[‘magvf(i}:u;\r(l—i—o(l)), for N — +oc. (11)

1=1--
We deduce two corollaries from this theorem:
The three following properties hold, helping us to build associ- Corollary 2 (Exponential Case)iet (Xm)mzo be a se-
ated sets of random variables. quence of i.i.d. exponential r.v.s with parametethen
Proposition 1:

1) A set containing a unique random variable is associateff. [ina%\, Xz} = E[X1]In(N)(1 4 o(1)), for N — +o0.

2) The union of two independent associated sets is associ-"~ (12)
ated. Corollary 3 (Gamma Law Case)Let (X,,)m>0 be a se-
3) If {Xi,..., X} is associated, and¢é is quence ofi.i.d. Gamma random variables with paramgtet)
increasing in every component, then the S§fherex > 0 and! is an integer larger than or equal to 1; then
{d(X1, ..., X), X1, ..., X} is associated. for N — +o0
For a proof of this result and of the next two propositions, see
[8]. E [ max %] = R s(N)(140(1)) = L () + o(1))
Proposition 2: Let Xy, ..., X,, be n associated random  ==l=¥ A (13)
variables, andX1, ..., X,, an independent version of it (i.e.

i i - 'whereR; A(N) is the unique solution (im) of
(X,)i=1..» are independent and, for aJl.X; and.X; have same '

law); then we have -1

kg k
exp(—u) <Z Ak! ) :% (14)

forallu, P (maXXi < u) >P (max)zi < u) @)

k=0
and i located in the interva(o, 1).
E [IH?X(Xi)} <E [IH?X(Xi)} . (8) Proof: The distribution function is
Association and stochastic orderThe stochastic order (that 121 Ry
we note<,,) is defined by Fiu—1- i exp(—Au).
k=0 )

X <aY, |if Fx > Fy whereFx(u)=P(X <wu). (9) " . .
F verifies the conditions in (10), so that we can apply the pre-

In particular, we can write, due to the last proposition, that Vious result, and the formula fery gives the definition ofz; .
the random variable§X;); are associated, thenax; X; <,; The fact thati; A(N) ~ (1/A)In(N) for N — 4-oc is imme-
max; X;. diate from (14) by taking the logarithm on both sides. [
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B. Bounding Throughput Degradation The random variable§fi), ¢t = 1, ..., N areassociated

We now analyze the way throughput decreases when new (groperty 3 of Proposition 1), so that
ceivers join the group. i (i

1) Comparison With the Deterministic Case: y<E[P:I=E pr}?\ (S§ ))} <E pr}?\ (S§ ))}

Proposition 4: Let A andB be two randonR,,,,,,, matrices. i
Then for alli and j, (E[AB]);; > (E[A]E[B]); ;, which Where the random variablééz) are independent, and for all
implies ||[E[AB])|| > ||E[AIEB]]|. S andS{" have the same law (this is Proposition 2).

Proof: We only need to verify this formula for the two Using the homogeneity assumption (Section 1I-C), we have

basic operations. This is clear for the addition; concerning the » ‘ ‘
max operation, for all random variables andY” with valuein ~ E max SY)} =E [miax (8{(1’ gy Sf(D’ Z))}
Rinax, we haveE [max (X, Y)] > max(E[X], E[Y]) by adirect
convexity argument. O

Let us interpret this result for th@nax, +) system we de- F v Corollary 2 h h h
fine in our model. We denote 1, the matrix describing the ~OF €verymax we can apply Corollary 2, so that we have the

same network as above, but this time with each random agg?gm_ofD funchczggg tlr;)at can be ((aﬁ%agdedla(sN ),(1 +o(1))

gated service time replaced by its mean value. In partidBjar, Multiplied byE[s;" "], ..., E[s;""], respectively, so that

is no longer a random variable, but a deterministic matrix. WB€ Sum can be exp&adg? in the sam?f\évg);)\gvlth a mtjil)tlphcatlve
denote the sequenc& ., )m>o given by the deterministic re- constantequal th[s;” ] 4---+E[sp 7] = E[S]7]. U
currence equatiolr ,, = Prn?rnfln andY, is given as before .Th|s uppe( bound can be reached; this is the case wht_en the
by a vector whose entries are all= 0. This is the sequence Window size iS¥ = 1 and when we have an umbrella tree [i.e.,
(Y, )m=0 When every delay in the network is assumed to be d@-ree made of many independent branc_hes, which corresponds
terministic. Definingy as being the Lyapunov exponent giveri© the least sharing in the tree (see Section IV-C)].

by this sequence,/~ represents the throughput of the session 3) Lower Bound:

<E [max s{(]"i)} +---+F [Inax S{(D,i)} )

as given by a deterministic model. Theorem 4:Consider a network with exponential aggre-
We haveP,,, = E[P.,] < F[P.,,,] and using Proposition 4, we gated service time in routers, and assume that receivers are
find distinct (i.e., the last link for every receiver is different); then
is bounded from below by a function that can be expanded as
an :Prn"'lplyb S E[PWE]E[PI]YO E[S(D)]
< E[Pm . P1Yb] _ [E[Ym] (15) 111(N)(1 + 0(1)) for N — 400 (17)

which impliesy < ~. Hence, Golestani’s deterministic modelvhere/ is the number of receivery is the window, ang(?)
[1] is actually proven to give the best possible throughput with# tyPical aggregated service time in a router of lebgfthe last
the range of all stochastic models of the same class and with fREters before receivers), which is by assumption the same for
same means. all receivers.
2) Upper Bound: _ Proof: .Let us con;ider Fhe packet®, 2W, 3W, ..
Theorem 3: Consider a network with exponential aggregateglnce the window has a fixed size, pack&’ cannot start until

service times in routers; then is bounded from above by athe acknowledgments of packét— 1)V have arrived from all
function that can be expanded as receivers (which is the definition ¢t _1yw ). Since we then

need to forward packéti?” from the sender to all receivers to

RTTIn(N)(1+0(1)) for N — +oo  (16) reachtime[Yuw|l, we have

. . (@)
where NV is the number of receivers aRI['T is the average Wewll 2 Yo pwll 4 max Sey -
minimal round-trip time of a receiveR[I'T = [E[S]EI)], where

Then, usingy = limy_, 1 oo {||Yw ||/ kW), we have
s is defined in (5)]. gy = limg—poo([[Yaw [|/EW)

Proof: We have 1 max (S&Z}) ) +- max (Sf,i)w)
> lim =/ — .
1Yol _ P PaYoll [Pl o+ [Py Wim=ee g
m m - m '

Now, as(max; Sf,’;)W)mZO arei.i.d. random variables, the law
The strong law of large numbers shows that with probability Df large numbers gives us the inequality

. [Pl + -+ ||Py]] E | max S(i)
v Ji A S ). . L:l...%( O s

We now use the interpretation we have on the elemeni of Ifthe RTTs were independent for all receivers, we would be able
The largest element iR, is the maximum of the sums of theto conclude immediately that there is an asymptotic behavior
aggregated service times of packet 1 along paths from the souircé (V). But this is not true as the RTTs of two receivers are

to the last router, that ig|P || = maxizl...N(SY)). made of a first common term which is the sum of the aggregated
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service times of the common routers they use from the soummgpear to have similar performances. It is possible to show that
and of a second term, which is independent for each receivea given sharing function characterizes a free.

Now for each receiver, there is at least one link that belongsDefinition: Sharing order. We say that a tre€ is less shared
only to the path from the source (for example, the last linkjhan another tre@” if their sharing functions anda’ are such
These links are supposed to have independent aggregated @it < o’. This is, of course, a partial-order relation on trees.
vice times with the same exponential lai”’ so that, applying This order is compatible with the performance of the tree as
Corollary 2, (18) leads to the relation of the theorem. [ shown in the next result.

It is possible to have a better lower bound fgrunder Theorem 5: If 7" and?” are such that < o/, thenyy < v,.
some additional assumptions on the tree, as we will see inThe proof is omitted here; for a simple case see [16, Ap-
Section IV-C. Again, this bound is reached by a category gkndix].
trees, such as the reverse umbrella tree with all links sharedrpis theorem gives us another proof for the upper and lower

except the last one. bounds of Section IV-B. The upper tree, when making the as-
Note that the lower bound of Theorem 4 holds as soon mptions that the receivers are distinct, givendgy, j) =

the edge routers before the receivers safusfy the conditions that 1, provides the lower bound, and the lower tree, given by
we have assumed on random service times, regardless of t

e . .
o . . e l@, j) = 0, provides the upper bound.
statistical behavior of the other routers. Since it is natural {6 ) Umbrella Trees: Definition: Umbrella Tree of Class /.

associate backbone routers with internal nodes of the tree %n . . . L .
X ; . ree (given by its sharing functiag) is said to be an umbrella
access routers with edge routers before receivers, this means

that the logarithmic shape of throughput degradation will ho € of clasd if we hav_eCL sD- l.' It represent; a tree that
inishes, for every receiver, by a unicast connection of length at

as soon as access routers alone suffer from the ﬂuctuationI s

guestion. eastl. . .
Umbrella trees of claskwith large! typically correspond to

a worst-case situation, as receivers share few links. We have ob-

served via simulation that for these types of trees, the throughput
We have been able to bound both from above and from seems to degrade more severely when the number of receivers

below, byln(V) functions. We now give a finer grain classi-increases. In an umbrella tree, the lower bound~faran be

fication of tree topologies within these two bounds. The pereached.

formance inside the interval defined by the bound found aboveTheorem 6: Consider a network with exponential aggregated

depends essentially on the nature of the tree. We show thasdtvice time in routers, where all aggregated service times are

is possible to create a partial order on the trees, allowing onegxponential random variables of the same paramktéihen

achieve throughputs that range within the whole interval definglte Lyapunov exponent of an umbrella tree of clasdounded

by the lower and the upper bound. In this section, we considesm below by a function that can be expanded as

trees withV receivers, under the assumptions of homogeneity

C. Tree Topology Dependence

and independence that we described earlier. 1 R A(N)(1+0(1))  for N — 400 (20)
1) Sharing Function, Partial Order:In what follows, we w
will assume that the delays in the feedback tree are all equ

waHereRz,A(N) is the function defined by (14).

to zero. ' . . .

Consider two receiversand j, with paths from the source , . Proof: According to Theorem 5, we simply n_eed to_venfy

. this formula for the treed = [). The formula established in the

to every of these two receivers. For evéry= 1, ..., D, the r00f of the lower bound. namel
aggregated service time§ " andsi/ " are either: P ’ y

. t.he same variable, when receivérand;j share theirth E [ max (Sl(z)):|

|Ink; ~y i=1.--N (21)
* two independent variables with the same law, when paths - w

from the source t@ andj are different at a given depth,
and for all the following links in the tree.
Definition: Sharing function. Due to the last statement, we
can define the sharing value of receivérand j, which we
denote as(¢, j), by

holds. Let us look at the performance of the tree
(Vi, 4, a(i, j) = 1). For alli, we haves(? > s{/(:D=i+1) 4
s sgf(i’ ) We can then apply Corollary 3 to this sum of
random variables that has a Gamma distribution of parameter
A\ D). O
‘ ' It is immediate to check that for all> 1, the upper bound
a(i, j) = max {l =1---D ‘357’:(1’ 0 = {60 } - (19)  on the throughput based dt,  (14) improves on that of The-
orem 4 (namely, it is strictly smaller). However, as shown in
The sharing value is exactly the number of common terms e proof of Corollary 3, we have the equivalenég,(N) ~
the two sumsS$ andS$; all others terms of these sums ardn(/V) as/N tends tox, so that these bounds are asymptotically
independent. equivalent. At first glance, one may then think that there is no
The sharing function indeed measures the correlation bes, consequence from the study of the equivalence relatios; i’ &
tween receivers in the tree: receivers with large sharing valug, i’) > tis that we can build the tree using only the sharing function.
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real improvement. Numerical evidence shows that for the rangeAnother contribution of our work is a new analytical frame-
of the number of receivers considered in this paper, this imvork which can be used to study various problems related to
proved bound is always much sharper than the previous one. fow and congestion control in multicast and unicast environ-

instance, for the umbrella tré€'L = 0, F'O = 3, UL = 3)

ments.

of Fig. 11, and for eight receivers, the new upper bound (0.95)In future works, we will extend and generalize our analytical
is much closer to the throughput provided by simulation (0.6ifjamework. Extension to an adaptive window size is possible

than the upper bound of Theorem 4 (2.89).

based on a generalization of the (max,plus) representation of

As we can see, in spite of all the optimistic assumption&CP Tahoe and Reno known for unicast [14].
we made, an umbrella tree systematically results in a severdn this framework, we will also study various subgrouping
degradation of the throughput. The results observed in tapproaches and try to define new classes of congestion control
numerical simulation, as well as the intuition we had on trg®echanisms that might be applicable to unicast transmission
topology impact, are confirmed and generalized by analytica$ well. We will also analyze how TCP-like congestion control
results. The sharing function seems to be a key concept,aiiects shared trees.

it gives us a parametric representation of the tree topology
which allows direct performance comparison. An important
result of this study is the fact that umbrella trees, which
are frequently encountered in Internet architectures [9], suffer.
severe throughput degradation even in the case of Iight—tailgﬁl
fluctuation of the delay.

V. CONCLUSION

In this paper, we study the impact of randomness (i.e., varia{1l
tion of queueing delay due to cross traffic) on the performance of
a (one-to-many) multicast session in the presence of a TCP-likgy,
congestion control mechanism. With a simple analytical model,
we analyze the degradation of throughput when the size of the
multicast group increases. In addition, we study the impact oft3
the tree topology on the throughput of the multicast session. (4]

In the presence of light-tailed random delays, we show that
the throughput decreases logarithmically when the number of®!
receivers increases. We find analytically an upper and a lower
bound for the throughput. Within these bounds, we characterizgs
the degradation depending on the tree topology. We identify a
class of trees commonly found in IP multicast sessions [9], [13] ("
as a worst case of throughput degradation. This observation i?s]
guantified by simulation and then explained analytically.

This work proves analytically that TCP-like congestion con- [9]
trol can be harmful with reliable multicast transmission through
homogeneous trees, even for light-tailed delays. Note that theg
degradation of performance with regard to the size of the
group is strongest in this homogeneous case. The case with
heterogeneous trees could in principle be analyzed along et
same lines. Since it is well known that in such heterogeneous
cases, performance is driven by slow receivers, the simplegt2]
approximation could consist of applying our analysis to the
subset of slow receivers.

Consequently, applications may prefer multirate control13]
mechanisms to single-rate reliable multicast transmission.
Multirate (layered) control mechanisms are best suited t 4]
multicast sessions with a large number of receivers. Rubenstein
et al. [11] have shown that multirate control can preserve TCRi1s]
fairness with regard to TCP flows sharing the same congested
node, while not penalizing all receivers in case of Iocalizeti[ls]
congestion. Subcasting (single group with filtering in nodes
is another area of investigation.
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