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Navigability in small worlds

e “Small world effect”: discovering very short paths
with only a local view.

® Model [Kleinberg’00]:
® Greedy routing for decentralized search.

® Augmented graphs for network structure.
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= Pr>1/log n to go twice closer
to v.

/I/' = Greedy routing: O(log? n).
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® Augmented graph (G,®):
e agraph G

e + 1 random link / node u along some distribution
Qu: Ou(v)=Priu —v}.

A)

Ex:

Pri{u —v} prop. to 1/|u-v|?
[Kleinberg 2000]
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® Example:

e d-dim° meshes are O(log?n)-navigable.
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Navigable graphs

® Principle:

® A graph admitting a nice hierarchical decomposition.

e + alink distribution that has equal chance to go to
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Navigable graphs

® Principle:

® A graph admitting a nice hierarchical decomposition.

e + alink distribution that has equal chance to go to
each level of the hierarchy.

® Polylog(n)-navigable graphs:
d-dim° meshes [Kleinberg’00]
Bounded growth [Duchon, Hanusse,L.,Schabanel’05]
Bounded doubling dimension [Slivkins’05]
Bounded treewidth [Fraigniaud’05]

Excluding a fixed minor [Abraham, Gavoille’06].
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® The best known upper bound was: all graphs are
/n - navigables (uniform distribution).

Pr>1//n
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This talk:

-

A) A posteriori universal augmentation :

= All graphs are O(n!/3)-navigable. [SPAA’07]

B) A priori universal augmentation :

= Augmentation matrices and (labeling + matrix)
-augmentation schemes.
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Universal augmentation?

(A) All graphs are

O(n'3)-navigable.
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Greedy diameter O(n?/°)

e Augmentation:
® Pr1/2: u picks v uniformly in Bu(n?/°).

® Pr1/2: upicks v uniformly in G.

O/Btarget(r) of size n3/°
o

Pr> (1/2)x(n3/° In)
= 1/(2n2'5)

= After O(n?/°) steps, greedy routing enters
the yellow ball (on expectation).
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® Augmentation:
® Proba 1/2 : u picks v uniformly in Bu(n?/°).

® Proba 1/2: u picks v uniformly in G.

Btarget(r) Of size n3/5
Shortest path u-target

Pr(u—blue)
>

(1/2) x (n25/2) | Bu(n?'5)
= Q") ™~

+ at most n'° blue intervals

( E(# steps) < O(n?5)+ O(n"'5)x n1/s = O(n25). )
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Greedy diameter O(n'/3)

e Key point for O(n?°) :
1- Enter a set of reduced size.

2- Progression inside by picking nodes
in smaller sets.

® New augmentation :
® u picks alevel i between 1 and log n.

® u picks v uniformly in By(2').

e THM : greedy diameter O(n'3) for any graph.
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Universal augmentation?

(B) Augmentation
matrices
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Augmentation matrices

® An augmentation matrix + a labeled graph: some
augmented graph.

® Question:

® Given a matrix, the adversary label the graph as
worst as possible.

= |s there a better matrix than the uniform?

— ﬁ' —» greedy diameter </n ?
1,2,3,4,5,6

Answer: no.




Anonymous augmentation

[ N

e THM: For any augmentation matrix, itis possible to
label the path to get greedy diameter Q (/n).

.

Lemme : for any augmentation matrix
M, there is a set | of /nindices s.t. | !

2 pii<1 for alli,jin |.
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Anonymous augmentation

[ N

e THM: For any augmentation matrix, itis possible to
label the path to get greedy diameter Q (/n).

.

labels of |
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Augmentation matrices

® An augmentation matrix + some associated
labeling: an augmentation scheme.

® Question:

e Can we improve performances by associating a labeling
scheme to a universal augmentation matrix?
Algo(Matrix M, Labeling L)[G]

g Yes for a large graph class.




Matrix + special labeling

® Augmentation matrix of Kleinberg’s path:




Matrix + special labeling

® Augmentation matrix of Kleinberg’s path:

N
\J

O—0

@'o




Matrix + special labeling

® Augmentation matrix of Kleinberg’s path:

1/log n

!
T
1/Iog|n , ,
: | f:\ | : |
(M () () M\ )\ N\
O—0O—0UO—0) ! h O_:_O O—O
| : | : | ; |
!

e
6™ o6 o o O o




Matrix + special labeling

® Augmentation matrix of Kleinberg’s path:

1/log n ,

T
1/log n |
log n I :
[
() VR
C@, I\ '
I I | '
. |
[
|




Matrix + special labeling

® Augmentation matrix of Kleinberg’s path:

1/log n ,

T
1/log n |
log n I :
[
() M
C@, A\ '
I I | '
. |
[
|




Matrix + special labeling

® Augmentation matrix of Kleinberg’s path:

1/log n ,

T
1/log n |
log n I :
[
() M
C@, A\ '
I I | '
. |
[
|




Matrix + special labeling

P |




Matrix + special labeling

P |

1 1 1 1




Matrix + special labeling

ém
1 b b [

1 1 1 1

0




Matrix + special labeling

ém

1

1 1 1 1

0




Matrix + special labeling

ém

1

1 1 1 1

00




Matrix + special labeling

ém

1

1 1 1 1

00




Matrix + special labeling

ém

1

1 1 1 1

00




Matrix + special labeling

o 6™ o7d o

1

0001001]00
0 (p
p |0
p |0




Matrix + special labeling

® Theidea:




Matrix + special labeling

® Theidea:

1- Look for separators of the graph.




Matrix + special labeling

® Theidea:

1- Look for separators of the graph.

2- Label them with the labels of the separators in
the binary tree matrix M.




Matrix + special labeling

® Theidea:

1- Look for separators of the graph.

2- Label them with the labels of the separators in
the binary tree matrix M.

3- Apply matrix M augmentation.




Matrix + special labeling

® Theidea:

1- Look for separators of the graph.

2- Label them with the labels of the separators in
the binary tree matrix M.

3- Apply matrix M augmentation.

Y




Matrix + special labeling

® Theidea:

1- Look for separators of the graph.

2- Label them with the labels of the separators in
the binary tree matrix M.

3- Apply matrix M augmentation.

=> O—O—O—0O

path-decomposition of G




Matrix + special labeling

® Theidea:

1- Look for separators of the graph.

2- Label them with the labels of the separators in
the binary tree matrix M.

3- Apply matrix M augmentation.

=> O—O—O—0O

path-decomposition of G

labeling




Matrix + special labeling

® Theidea:

1- Look for separators of the graph.

2- Label them with the labels of the separators in
the binary tree matrix M.

3- Apply matrix M augmentation.

=> OO0 +

path-decomposition of G

labeling




Matrix + special labeling

® Theidea:

1- Look for separators of the graph.

2- Label them with the labels of the separators in
the binary tree matrix M.

3- Apply matrix M augmentation.

=> OO0 +

path-decomposition of G

labeling




Matrix + special labeling

® Pathshape = min( pathwidth, pathlength). [def°]

DB

distance < pathlength  Size < pathwidth




Matrix + special labeling

® Pathshape = min( pathwidth, pathlength). [def°]

DB

distance < pathlength  Size < pathwidth

r

e THM : thereis a matrix M and a labeling scheme £

s.t. any G labeled with £ and augmented with M has
greedy diameter:

O( min( pathshape(G)x(log n)?, /n) )
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® Pathshape = min( pathwidth, pathlength). [def°]

DB

distance < pathlength  Size < pathwidth

r

e THM : thereis a matrix M and a labeling scheme £

s.t. any G labeled with £ and augmented with M has
greedy diameter:

O( min( pathshape(G)x(log n)?, /n) )

= Trees are O(log3n)-navigable. (pathwidth=logn)

= AT-free graphs are O(log?n)-navigable. (pathlength=C)
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Conclusion

e Universal augmentation (a posteriori)
= Lower bound :Q% - GAP - Upper bound : O(n'/3)

® Universal matrix augmentation (a priori):
= Matrix alone : no hope of improvement.

= Matrix + associated labeling: improvement for some
classes.

= |s it possible to do better than O(/'n) with matrices?




Thank you

o Ref:

Universal Augmentation Scheme for Network
Navigability: Overcoming the Vn-Barrier, P. Fraigniaud, C.
Gavoille, A. Kosowski, Z. Lotker, E. Lebhar, SPAA 2007.

o www.liafa.jussieu.fr/~elebhar/SPAAO7a.pdf




