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Abstract In this article, we address the problem of
counting the number of peers in a peer-to-peer system. This
functionality has proven useful in the design of several peer-
to-peer applications. However, it is delicate to achieve when
nodes are organised in an overlay network, and each node
has only a limited, local knowledge of the whole system.
In this paper, we propose a generic technique, called the
Sample & Collide method, to solve this problem. It relies on a
sampling sub-routine which returns randomly chosen peers.
Such a sampling sub-routine is of independent interest. It can
be used for instance for neighbour selection by new nodes
joining the system. We use a continuous time random walk
to obtain such samples. The core of the method consists in
gathering random samples until a target number of redundant
samples are obtained. This method is inspired by the “birth-
day paradox” technique of Bawa et al. (Estimating aggregates
on a peer-to-peer network, Technical Report, Department
of Computer Science, Stanford University), upon which it
improves by achieving a target variance with fewer samples.
We analyse the complexity and accuracy of the proposed
method. We illustrate in particular how expansion properties
of the overlay affect its performance. We use simulations to
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evaluate its performance in both static and dynamic environ-
ments with sudden changes in peer populations, and verify
that it tracks varying system sizes accurately.

1 Introduction

Peer-to-peer systems have achieved fast and widespread
adoption for both legal and illegal applications, ranging from
file sharing (e.g. Kazaa or eDonkey) to VoIP (e.g. Skype). It
is reasonable to expect novel applications to appear, and the
scale of such systems to increase beyond millions of inter-
acting peers.

A key feature of peer-to-peer systems is their distributed
nature. Effectively, popular architectures organise the peers
in an overlay network, typically layered over the Internet, and
let peers communicate solely with their overlay neighbours.
In such architectures, a peer’s knowledge of the system is
limited to its collection of neighbours. These architectures
have good scalability properties; more specifically, they do
not suffer from central servers becoming performance bot-
tlenecks, or single points of control and failure.

On the flip side, however, overlay architectures make it
delicate to monitor system characteristics of interest that
would be straightforward to observe in centralised systems.
One such characteristic that will concern us in this paper
is the system size, namely the number of peers. The need
to perform peer counting arises in the following contexts.
Recently proposed overlay maintenance protocols such as
Viceroy [28] rely on approximate knowledge of the over-
lay size to incorporate a newly arrived peer in the system.
Several gossip-based information dissemination protocols
(e.g. [14,16]) rely on system size to determine the num-
ber of gossip targets per peer. We expect that peer counting
could find other applications. For instance, in a Live Media
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streaming system such as that of [38], it may be of interest to
measure the number of peers using a Broadband connection
or a dialup connection, in order to decide whether new dialup
users can be accepted without compromising performance.

For particular overlay architectures, specific overlay prop-
erties may be exploited to efficiently measure system size. In
contrast, our aim here is to design measurement techniques
that are generic, in that they are applicable to arbitrary over-
lay networks.

We propose one such technique, which we call the
Sample & Collide (S&C) method. One of its building blocks
is a sampling function, which aims to provide a requesting
overlay node with another node chosen uniformly at random
from the overlay. Previous proposals have relied on a discrete
time random walk (DTRW) stopped after a large constant
time; clearly, this yields samples biased towards high-degree
nodes. We describe a sampling algorithm based on a con-
tinuous time random walk (CTRW), which yields unbiased
samples. We characterise the sampling quality/complexity
trade-off and show that it is critically affected by the expan-
sion properties of the overlay graph.

The S&C method produces an estimate of the system size
based on the number of uniform random samples it takes
before a target number of redundant samples are obtained.
This method is inspired by the “Inverted Birthday Paradox”
method of [6]. We provide a detailed analysis of the accu-
racy and complexity of the S&C method, and show how it
improves upon the original proposal of [6] by achieving a
target accuracy with fewer samples.

We also provide experimental results, matching the the-
oretical expectations. While we do not study the impact of
churn analytically, we evaluate it through simulations. These
show that the proposed techniques are robust to both gradual
and sudden changes in system size.

The paper is structured as follows: in the next section we
survey related work. We present the S&C method and its the-
oretical analysis in Sect. 3. An evaluation by simulation is
provided in Sect. 4. We conclude in Sect. 5.

2 Related work

Random-walk based peer sampling techniques such as [5, 13]
are relevant to our work to some extent. However, we focus
here on techniques for system size estimation and distinguish
two classes. Techniques of the first type are tailored to a spe-
cific overlay architecture, while those of the second type are
generic and applicable to any overlay.

2.1 Architecture-specific techniques

In structured peer to peer overlay networks, peers are assigned
identifiers drawn uniformly at random. The approach taken
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in [10] deduces the network size in distributed hash tables
(DHT) by measuring the density of identifiers around a node
initiating a size estimate. The communication cost for get-
ting a relative error of order € is O (1/€?) message exchanges,
irrespective of the number of nodes N. A similar approach
is also considered in [19,23,29,36].

In [12], an estimate of the system size is constructed based
on observations of node degrees, and relies on prior knowl-
edge of a power law structure for the distribution of node
degrees. A conceptually similar approach is described in
[6]. It produces an estimate of system size based on node
degree observations, assuming a specific topology (namely,
the Erdés-Rényi random graph model). No error estimates
are provided in these papers; the cost of the latter is O (log N).
Jelasity and Preuf3 [21] estimate the network size by observ-
ing the renewal of contacts in peers’ views in a gossip based
overlay.

Ntarmos et al. [34] propose a fully decentralized imple-
mentation of hash sketches, previoulsy introduced by Flajolet
and Martin, working over DHTs. The standard deviation is
1.05//m and 0.78//m (where m is the number of bitmaps
used) for the two presented techniques.

Another approach involves building a spanning tree on
top of the overlay and using it to estimate the system size
[8,25,33] by aggregating estimates along the tree. The
obtained estimates are then exact in the absence of failures,
and the cost is ®(N).

2.2 Generic techniques

Jelasity and Montresor [20] have considered the following
gossip-based method. Initially one distinguished node sets
a counter to 1 while all other nodes set their counter to 0.
Nodes communicate asynchronously; when a pair of nodes
communicates, they both reset their individual counters to the
mean of the two previous values. In the long run, all counter
values coincide with the reciprocal of the system size. This
approach is suitable in stable environments. As all users even-
tually share the same size estimate, its cost is amortized over
all nodes when they are all interested in obtaining such an
estimate. A theoretical evaluation of the cost of such schemes
can be found in [9]. The cost, evaluated in number of mes-
sages, is O(N'1%/?) for d-dimensional random geometric
graphs.! It is O (N log(N)) for expander graphs.

Another generic approach [4,15,23,36], sometimes
referred to as probabilistic polling, consists of a querying
node requesting all nodes to report their presence probabilis-
tically, the probability of responding being a function of node
characteristics, such as distance (in number of hops) from
the initial requestor. This produces unbiased estimates. One

1~See [9] for a definition of such graphs. Here, we write f(N) =
O(g(N)) when f(N) = O(g(N) log(N)ﬁ) for some 8.
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drawback of the method is that the initial querior is poten-
tially faced with “ACK implosion”. The cost of this method
scales linearly with system size.

Mosk-Aoyama and Shah [32] propose a gossip-based tech-
nique for distributed computation of symmetric functions, a
special case of which is the number of nodes in the sys-
tem. In that case, their algorithm corresponds to each node
generating an independent, unit mean exponential random
variable. Nodes exchange their values using gossip in order
to compute the system-wide minimum of these random vari-
ables. The minimum is an exponential random variable with
mean equal to the reciprocal of the number of nodes, and
thus provides a way to estimate this number. Repeating the
procedure with multiple independent samples can reduce the
estimation error. The spreading time of the gossip is deter-
mined by the expansion properties of the overlay, which also
play an important role in the algorithm that we propose.

Horowitz and Malkhi [19] propose to maintain a logical
ring between overlay nodes. Each joining node is given a
contact node assigned at random, in order to join the ring;
it then simply increments its successor’s estimation of the
logarithm of the system size. This technique has an expected
accuracy within the range n/2-n?.

Finally, Bawa et al. [6] propose a method which assumes
one can sample peers uniformly atrandom. They form an esti-
mate of system size based on the number of samples required
before the same peer is sampled twice. The cost, measured in
number of samples, scales like £+/N where N is the system
size, and for a target relative error of 1/+/¢. The technique
we shall describe builds on this work. It improves upon it
by proposing a scheme to generate approximately uniform
random samples, and also reduces the number of samples
required to achieve the same target accuracy to /N, hence
a reduction by a factor of /.

We can also mention the Random Tour approach that
we presented in an earlier version of this paper [30]. This
approach is based on the return time of a continuous time
random walk to the node originating the query.

3 The S&C method

In this section we present an algorithm which is based on, and
improves upon, a technique proposed in [6]. This technique
essentially relies on sampling uniformly at random from the
peer population. It then produces an estimate of system size
based on how many random samples are required before two
samples return the same peer.

We improve the proposal of [6] in two ways. First, we
propose a uniform peer sampling technique which produces
unbiased samples by emulating a CTRW. Many existing
proposals rely on DTRW stopped at a fixed time and consequ-
ently suffer from a bias whenever peers have unequal degrees.

Second, we refine the way those samples are used, and
effectively obtain estimates with a given variance with fewer
sampling steps.

3.1 Peer sampling with CTRW

The probing peer’s label is denoted by i, and the overlay
is modelled as an undirected graph G. We use the standard
CTRW, namely the random walk where each visit to a node
Jj lasts for an exponentially distributed random time with
expected duration 1/d;, where d; is the degree of node j.
The stationary distribution of the standard DTRW puts mass
dj/ > i dr on each node j, and is thus biased towards high
degree nodes. In contrast, the CTRW we described has a
uniform stationary distribution. Our peer sampling algorithm
proceeds as follows.

1. A timer is set at some predefined value 7 > 0, by the
initiator, node i, in a sampling message.

2. Any node j, either after receiving the sampling mes-
sage, or (if it is the initiator) after having initialised the
timer, does the following. It picks a random number U,
uniformly distributed on [0, 1]. It decrements T by
log(1/U)/d; (i.e, T < T —log(1/U)/d;). B T < 0,
then this node j is the sampled node; it returns its ID to
the initiator, and the procedure stops. Otherwise, it for-
wards the message with the updated timer to one of its d;
neighbors, chosen uniformly at random.

This procedure returns a random node sample, the distri-
bution of which is exactly that of the state of the standard
CTRW at time T, started from node i. This follows from the
well-known fact that log(1/U) has a unit mean exponential
distribution [37].

The CTRW on G is in fact a continuous time Markov chain
with state space G and infinitesimal generator given by the
negative of the Laplacian of G, defined below.

Definition 1 The Laplacian matrix of a graph G is the matrix
L such that L;; = —11ifi # j, and (i, j) is an edge of the
graph G, L;; = d; if j = i, and L;; = 0 otherwise. Its
eigenvalues A1, ..., Ay arereal and non-negative. Assuming
they are sorted in non-decreasing order (A1 < A2 --- < Ay),
then A1 = 0, and A, is called the spectral gap of the graph.

The mixing time of the CTRW on G is related to the spec-
tral gap of the Laplacian L, as Lemma 1 below shows.

A convenient measure of accuracy of the proposed sam-
pling technique is provided by the variation distance between
the probability distribution of the returned sample, and the
target uniform probability distribution. Recall that the varia-
tion distance between two measures p, g on N is
defined as
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d(p,q) = % > pi —ail-
ieN

It admits the following useful interpretation [26, Theorem
5.2]: random variables X and Y with marginal distributions
p and ¢ can be defined on the same probability space such
that X = Y with probability 1 — d(p, g). Moreover, this is
the largest probability of coincidence achievable among all
joint distributions with the given marginals p and g.

We can now relate the quality of our sampling method to
the choice of T', and the spectral gap of the graph:

Lemma 1 Let {X;};>0 be a continuous time, reversible
Markov process on a finite state space N, with spectral gap
A2, and stationary distribution 7. Denote by p;.(t) the dis-
tribution of X; when the process is started at Xo = i. Then
it holds that

e

d(pi.(1), m) < W

Proof By Lemma 8§, p. 10, Chap. 4 in [2], it holds that

1
d(p;.(t), 1) < ——
(pi-(1), ) < W
Besides, as mentioned on Eq. (46), p. 20, Chap. 3 in [2], the
function t — p;;(t) — 7; is completely monotone (see p. 19,
Chap. 3 in [2] for a definition), and thus, by Lemma 13, p. 20,
Chap. 3 [2], it verifies

pii (2t) — m;. (1

pii(t) — 7 < [pii (0) — m;le 2.

Combined with (1), this yields the claim of the lemma. O

When specialised to the standard CTRW, for which ; =
1/N, taking T = clog(N)/A2, we obtain

1
d(pi(T), ) < EN(I/Z)_C‘

If for instance ¢ > 3/2, then this variation distance is of order
N7L

In view of the above-mentioned interpretation of variation
distance, for such a choice of 7', X7 coincides with a uniform
random sample from A with probability I — O (N ~'). Equiv-
alenty, it takes on average of the order of N samples before
retrieving an improperly selected node.

The reason this is important is the following: we shall
see that our algorithm requires of the order of /N uniform
random samples in order to estimate N. But since we can-
not sample uniformly at random exactly, we use the CTRW
procedure described above to obtain approximately uniform
random samples. The error estimate on the approximation
tells us that for 7' chosen as above, it is as if we sampled
exactly from the uniform distribution; with high probability,
our sampling procedure will yield the same samples (on runs
of length O(N)) as the exact procedure.

@ Springer

Remark 1 Instead of the standard CTRW, we could alterna-
tively base sampling on the CTRW with deterministic sojourn
times. This suppresses the need to generate uniform random
numbers U at nodes traversed by the random walk. However,
in general there is no analogue of Lemma 1 for the determin-
istic sojourn time CTRW, as the following counter-example
shows.

Consider a bipartite, regular graph with common node
degrees d, nodes being partitioned into N and N>, with
IN1| = |N2|. Then with the latter CTRW, whenever | T/d |
is even, the returned node belongs to the same bipartition
as the node i from which sampling started, no matter how
large T is. Assume say that node i belongs to . Then the
variation distance between the sampled distribution and the
uniform distribution is at least > jeN, I/N =1/2,and does
not go to zero.

The problem arises because this is effectively a discrete
time Markov chain which is periodic due to the graph being
bipartite. Aperiodicity can be guaranteed by introducing self-
loops into the graph. A related approach, which involves
adding enough self-loops to make the graph regular, is con-
sidered in [5].

We should mention that, as both N and X, are a priori
unknown, it is in practice not feasible to set 7' to precisely
say, 21og(N)/A;. One possibility is to use sampling with a
first value of T', get back from the S&C procedure (described
in Sect. 3.2) an estimate N 1 of N, then re-run the whole pro-
cedure with 27 instead of T, get a new estimate ﬁz of T,
and repeat until estimates ﬁ,- appear to stabilise; they should
increase with T until 7T is sufficiently large. While there are
pathological graphs on which this method would fail (e.g., a
“dumbbell”, which consists of two large densely connected
components joined by a long, narrow bridge), we believe that
it would work on most commonly used overlays. Evaluating
this approach on real-world overlays is left to future work.

The approach we take in this paper is to assume that suit-
able lower bounds on X,, and upper bounds on log(N) are
known, so that a conservative value of 7' can be used. To see
how such lower bounds on A, could be obtained, we now
relate the spectral gap A to the expansion properties of the
graph G.

We introduce the notation

E(S,S)

I1(G) := )
(G) 5]

mn
S:|S|<N/2

where E(S, S) denotes the number of edges in the graph
G between the set of nodes S, and the complementary set
S. The constant (G) is known as the isoperimetric con-
stant of the graph, or also as its conductance; see e.g. Mohar
[31] for further discussion. The so-called Cheeger inequality
(see [31]) states that the spectral gap A of the graph verifies
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1(G)?

A2 > ,
2A(G)

where A(G) is the maximal degree of nodes in the graph. The
conductance parameter / is sometimes called the expansion
parameter of a graph, and graphs with large I are referred
to as expanders. The reader can find additional material on
expanders in [3], or [27]. Several overlay architectures pro-
posed in the literature ensure good expansion properties by
design: the expansion parameter / is bounded away from 0.

In particular, overlays comprising sufficiently many “ran-
dom” edges have large expansion parameter. It is shown for
instance in [17], Theorem 5.4, that Erdés-Rényi graphs on N
nodes with average degree d such that d > log(N) have an
expansion of d/2. It is also shown in [18] that, if each node
chooses m > 2 other nodes uniformly at random as its neigh-
bours in the overlay, then the resulting graph has expansion
at least m/5.

3.2 Estimation procedure

The technique we use is as follows. We pick an integer £ > 0,
which will determine the accuracy of our estimates. We then
obtain node samples X (1), ..., X (n). Denote by C the first
time n when a sample X (n) is obtained which has already
been seen (the first collision), i.e., for some m < n, X (m) =
X (n). Likewise, denote by C> the second time n when the
corresponding sample X (n) has previously been observed,
and define C; similarly for i > 1. We shall stop sampling
at n = Cy, that is, when exactly ¢ newly obtained samples
have previously been observed, where ¢ is a fixed control

parameter.

For a given N, we denote by Ly (n1, ..., n¢) the probabil-
ity that C1 = ny, ..., C¢y = ny. Elementary combinatorics
show that
Ly, ...,ng) =N"T""[N(N—=1)---(N —ng+£+1)]

x[(ny — Dz =2)--- (ng = O].

This formula can be written as the product of two terms, one
that is a function of (n1, ..., ng) only, and another that is a
function of N and n, only. This implies that Cy is a sufficient
statistic for the estimation of N: all the information about
the unknown parameter N that is carried by the observations
C1, ..., Cyiscontained in the variable C,. Or to put it another
way, given Cy, the other C;s do not contain any additional
information about N. Hence, the best estimator (for any per-
formance measure) based on Cq, ..., Cy is a function of Cy
only.

Our approach to estimating N will be to use the Maximum
Likelihood (ML) method. Note that

271
Co—t—1
d Cy 1
—log Ly(Cy,...,Cp) = ——
aN 08 N(Cy ) N+ g N3

Co—t—1

w2 ol @

i=

The derivative of the log-likelihood function is called the
score, and the expectation of its square is called the Fisher
information. These quantities play a role in determining the
variance of the optimal estimator, as we shall see later.

It is clear from the formula above that the likelihood is
well defined for N in the interval N € (Cy; — £ — 1, +00),
is increasing on the interval (Cy — € — 1, N ], and decreasing
on [IV , +00), where N is the ML estimate. (It is also clear
that Cy cannot be bigger than N + £.) Thus the ML estimate
N can be readily computed by solving the equation

Cp—L—1

FIN):= > Nl_i—zzo, 3)

i=0

using standard bisection search. Before detailing the pro-
cedure, we note the following. The monotonic decreasing
function F(N) satisfies
(Ce—€-D(C =)

2N

— ¢ < F(N)

cCe—t=DC -0 _,
T 2AIN—-(Cr—t—-1))
Each of the bounding functions is also monotonic decreasing

in N. This readily implies that the ML estimate N lies in the
interval [N —, NT], where

- (C=t=1)(C=0)
N™ ==

“)
Nt =C=EDC=b L ¢, g,

The bisection search determination of N then proceeds as
follows. Initialize the search range [N~, N*] with the val-
ues given in (4). Then repeat the following step until N+ —
N~ <1.SetN =(NT+N7)/2;if F(N) > 0,set N~ = N;
otherwise set NT = N.

3.3 Accuracy/complexity trade-off

We now provide an asymptotic analysis of the quality of
the proposed ML estimate when N is large. This will then
be used to analyse the accuracy/complexity trade-off of the
S&C procedure, under the assumption that samples returned
by the CTRW module are indeed uniformly distributed.

Proposition 1 Let ¢ > 0 be fixed. As N tends to infin-
ity, C% /(2N) converges in distribution to a gamma random
variable:
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2

—t L E+---+E (@)
2N ! e
where E1, ..., E¢ are i.i.d. random variables that are expo-

nentially distributed with parameter 1.
Furthermore, for any positive p, we also have conver-
gence of the p-th moments:

2\’
Ey [(ﬁ) ] — E[(E\ + -+ EpP]. (6)

Proof We prove the weak convergence property by induction
on £. We shall evaluate the following conditional probability:

Co_1 > bv/N|Ci—1 = anyv/N),

where ay ~ a, a is a fixed positive number, as N — oo.
Letm = aN«/N — (@ —1),and k = b/N. Elementary
combinatorics show that this conditional probability equals

Py (Cy —

1
m(N—m)(N—m—l)---(N—m—k—i—l),
and hence:
10g (PN (Cg — Cg_l > b\/ﬁ) Cg_l ZGN«/N))
k—1 k—1
N —m— i+m
— l ~ —
=See(Mg) 2
i=0
b2
N_ab——.
2

We thus have the following equivalent as N — oo:
Py (Ce = Coot > bVN | Coot = an/N) ~ =02,

In turn, settinga = /2y and b = /2(x + y) — /2y, we get

fabsz /2 — o

CZ
(S -xes | =)~
This establishes the claimed weak convergence property.

In order to deduce convergence of moments from weak
convergence, it is enough to show that for all p > 0, the
distributions of variables [Cy/ VN 17 for varying N are uni-
formly integrable (for a definition see e.g. [7]). By a standard
criterion for uniform integrability, this will follow if for some

positive 0, it holds that

sup Ey [egc‘/ﬁ] < 00. @)

N>0

By a simple coupling argument (see [26] for background on
coupling), it can be shown that the distribution of Cy is sto-
chastically dominated by that of the sum of ¢ independent
copies of C;. Thus,

Ex [eecl/m] - [EN (eeclw)]‘_
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It is therefore enough to prove (7) in the special case where
£ =1. Write

o0
Ex ecl/f /PN ecl/m - y)dy
0

= /PN(C1 > \/ojlog(y))dy.
0

We bound the integrand in the last expression as follows. Set
k = +/Nlog(y)/6. Then,

k—1
Py(Ci > k) = exp (Z log(1 — i/n))
i=0
< exp (—(k — 1)2/N) .
Combined with the previous expression, this yields

o [eecl/ﬁ]

o
N1 0 —1)°
- 1+/exp(—(\/— Og(;\)’)/ ) )dy
1
o0
=1+ / —V PN gy,
~1VF
o0

IA

l+/efvz+911+90dv
-1

where the equality is obtained by the change of variables
log(y)/60 — 1/+/N. The final term is finite and
independent of N, which implies the announced uniform
integrability. O

v =

This proposition allows us to evaluate the asymptotic mean
square error of the ML estimate:

Corollary 1 The ML estimate N is such that

1 ~ 2
sim J B (N = N)” =

1 ®
¢
Proof We have by the Cauchy—Schwarz inequality that
Ey [(V - N7]
=Ey [(N— - N)Z] +2Ey [(N = NN~ = N)]
o [(ﬁ - N*)Z]
<Ey [(N— - N)Z]
2/Ex (@ — NP VEy (N — V)

+EN[(N — N7)2]. )
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In view of the bounds (4), N — N~ is bounded in absolute
value by NT — N~ < Cy. Hence,

Ex [(ﬁ — N’)z] < Ey(C3) ~ 2N, (10)

by (6). Convergence of moments (6) also guarantees, in view
of the expression for N, that

En[N~]~Ey (s—g) ~N, (11)
while
e [ov 7] ~ B ()

2

N
~ £—2E[(E1 4+ Ep)?)

2

N~
) (12)

Here, we have used the fact the exponential distribution with

parameter 1 has mean 1 and variance 1. Now, by (11)
and (12),

2

ENI(N™ = N ~ EN[(V ] = N2 ~ (13)
Substituting (10) and (13) in (9), we get
lim LEN(JV —N)? = 1,
N-oo N2 14
as claimed. o

The corollary shows that, for a variance of the order of
N2 /€, weuse C, samples, hence on average a number of sam-
ples of the order of ~/N£. The average number of messages
exchanged in a single sampling step is, assuming the origina-
tor is randomly selected, equal to Td,whered = N~} > j dj
is the average node degree. Thus, assuming as in Sect. 3.1
that T equals 21og(N)/A», the average number of messages
used by the S& C method is of order (d log(N WNE /A2), for
an estimate with relative variance of 1/£. This presents an
improvement on the cost of the “inverted birthday paradox
method” of [6] by a factor N

Next, we show that no other unbiased estimator can do
substantially better.

Lemma?2 Let N = f(Cy) be an arbitrary estimator with
the property that Ex[ f(C¢)] = N. Then,

1 ~ 1
liminf —Vary(N) > —.
N>oco N2 NN) 2 0

It is a well-known result in statistics that the maximum like-
lihood estimator is asymptotically efficient (has asymptotic
mean square error no larger than that of the best unbiased
estimator), but this is in the context where the parameter to

be estimated is fixed, while the number of samples increases
to infinity. In the setting we are studying, both the parameter
and the number of observations go to infinity; hence, we have
included a proof of optimality.

Proof Let N = f(Cq, ..., C¢) be any unbiased estimator of
N,ie,EnN[f(Cy,...,C¢)] = N.We shall use the Cramér—
Rao inequality (see, e.g., [11, Theorem 12.11.1]) to obtain a
lower bound on the variance of this estimator.

To use this inequality, we need to compute the Fisher infor-
mation (a measure of the “information” that the random vec-
tor (Cq, ..., C¢) contains about the parameter N ). The Fisher
information I (V) is defined as the variance of the score func-
tion,

d
s(N) = N log Ly(Cq, ..., Cyp).

Therefore, it follows from (2) that
Co—t—1

=2 75) ]

i=
Recall that the mean of the score function is zero (see, e.g.,
[11, Sect. 12.11]). Thus, by (2),

Cp—0—1 i
En [ g, N —i ] =t
Substituting this in (14) yields

Co—t—1

>yl o

i=0

100 =

Now observe using (6) and Markov’s inequality that, for any
fixede > 0

Py (Cy > €N) < (eN) CEn[CS] < cN 73, (16)

for some constant ¢ > 0 that depends on ¢ but not on N.
Now, on the event that C; > €N,
Ce—t—1 . N-1

i i
< — < NlogN,

Z N—i—_ZN—i— o8

i=0 i=0
whereas, on the event that Cy < €N,
af e

> poert

4 N—i~ 1—€2N

i=0
Hence,

Co—0—1

Bl 2

i=

2
) | = Wi0g NY?Pu(Cy > €M)

1 2

+WE’V[(%)Z]' an
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Now, the first term in the last expression above goes to zero
as N — oo by (16), while the second term goes to %+ £)/
(1—¢€)? by (6), and well-known properties of the exponential
distribution. Hence, we have from (15) and (17) that
1/ 024

I(N) < —(—+ 2).

NZ\(1 —¢)?
Hence, by the Cramér-Rao bound [11, Theorem 12.11.1],
for any unbiased estimator N = f(Cy, ..., C¢), we have

. 1 (1 —€)2N?
Var(N) > > .
I(N) ~ £+ (e — €2)¢2
Since ¢ is fixed, letting € decrease to zero yields the claim of
the lemma. O

Remark 2 Observe that, since Cf /(2€) ~ N (in probability
and expectation), the bounds N~ and N in (4) are both
asymptotic to N, and differ only by a term of order +/N.
Hence, instead of computing the maximum likelihood esti-
mator by bisection search, we could equally well use either
N~ or N, or the asymptotically unbiased estimator
N=C ez /(2¢). All three estimators are within /N of the
ML-estimator, and hence, all three are asymptotically effi-
cient. In fact, for ease of computation, we use the estima-
tor N = Cg /2¢ in the next section, where we evaluate the
algorithm.

4 Experimental results

We evaluated the S&C approach through simulations. In this
section, we report the evaluation results. First, we describe the
experimental set-up. We then report results on the accuracy
and cost of the proposed approach in a static and dynamic
environments with both gradual and abrupt changes in sys-
tem sizes.

4.1 Setup and evaluation criteria

Our experiments are simulation-based; we used PeerSim
[35], a discrete event/cycle based simulator, well-suited for
large-scale networks. We consider overlay networks of
exactly 100,000 nodes in the static case, and of a size ranging
from 50,000 to 150,000 nodes in the dynamic setting.

In order to assess the impact of the underlying network
topology and conectivity, we consider two types of topol-
ogies in the evaluation, which we refer to as balanced and
scale-free random graphs.

Overlays of the first type (balanced random graphs) are
generated so as to guarantee node degrees lying between 1
and 10, in the following manner. Sequentially, each node
i selects a random number d?*' between 1 and 10. This
ensures that the degrees are not homogeneous with a reason-
able spread of the distribution around the average. We believe

@ Springer

that this is a realistic assumption for the considered peer-to-
peer systems targeted. It then selects di”“’ target nodes at
random, among target nodes with a current degree <10. Then
d?"" undirected edges are created between node i and its 4
targets, whose degree is increased by 1 at this stage. A node
that selects a d{*' less than or equal to its current number
of neighbors (previous wiring) obviously immediately stops
its wiring process. The resulting average degree is between
7 and 8. From the results of [18], we expect such graphs to
have large expansion, hence a favourable situation for our
approach. However, it should be noted that existing overlay
maintenance protocols aim to maintain graphs with similar
statistical properties; see e.g. [22] and [16]. Therefore, we
believe that this is a realistic setting for practical peer-to-peer
systems.

In scale-free networks on the other hand, the node degree
distribution follows a power law; the Internet and the World-
Wide-Web have this property. We generate random scale-free
graphs using the preferential attachment scheme of Barabasi
and Albert [1]. Here, each new node added to the network
chooses its links prefentially targeting high-degree nodes.
The result is a random graph in which the probability that a
node has k neighbors decays like k3. Thus, node degrees are
much more varied than in the balanced random graph model.

In the dynamic scenarios, newly incorporated nodes are
connected via their own set of random targets, chosen accord-
ing to the rule for the corresponding model. Nodes to be
removed are selected uniformly at random, and the remain-
ing nodes that lose neighbors do not search for new ones. The
actual system size we report is always that of the connected
component to which the probing node belongs.

We evaluate our algorithm for estimating system size along
the following metrics. Accuracy relates to the relative error
in the system size estimate and is clearly a basic criterion. It
can be improved by taking more measurements. So there is a
tradeoff with the Overhead, specified as the number of mes-
sages required to obtain the system size estimate. Depending
on the application, a quick approximate estimate could be
preferable to a more accurate one which would take much
longer to compute, and create more overhead. This could
also be the case when churn is high, causing the system size
to change rapidly. In that case, Reactivity to changes is an
important characteristic of the algorithms. To evalutate this,
we compute the time to react to a growth or increase in the
number of peers in the system.

4.2 Results in static settings
4.2.1 Balanced random graphs
We performed repeated runs on a 100,000 node overlay of

S&C with £ = 10, and with £ = 100. For both instances,
the timer value used in the sampling module was fixed to
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T = 10. In view of our suggestion to take T = 21og(N) /A2,
this is consistent with a spectral gap A, > 2.3.

Figure 1 plots arun of S&C method with £ = 100. It shows
that S&C with £ = 100 provides an accuracy of £20%.

The cumulative distribution functions (cdfs) of the norma-
lised estimate values for S&C (¢=10 and 100) are displayed
on Fig. 2. The steeper the curve, the less dispersed the sample
values. This is further illustrated by the summary statistics
reported in Table 1. Our method provides samples with the
correct mean value; The variances of S&C configurations
match the theoretical prediction, and coincide with 1/¢.
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80 f
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40 |

Value (normalised to 100)

20

.. ., CTRW —
0O 10 20 30 40 50 60 70 80 90 100
Number of estimations

0

Fig. 1 Sample&collide with / = 100, on a 100,000 node random
graph.

CDF of estimate values

2

* S&C, I=10
+ S&C, I=100 7

Proportion of simulation runs
o
[6)]

0 1 2 3 4 5 6
Value (normalised by system size)

Fig. 2 CDF of estimate values, normalised by system size, on a
100,000 overlay random graph, with ¢ = 10 and ¢ = 100.

Table 1 Summary statistics of sampling strategies: mean and variance
of normalised estimate values, and mean and variance of normalised
estimate costs

Algorithm S&C, ¢ =10 S&C, ¢ =100
Average value 1.08 1.01
Variance(value) 0.1 0.01
Average cost 1.08 3.27
Variance(cost) 0.1 0.02

CDF of cost

0.9

0.8

0.7 +
* S&C, I=10

0.6 + S&C, =100

051
0.4+
0.3F

0.2+

Proportion of simulation runs

0.1F

NE ‘ ‘ ,
0 5 10 15 20

Cost (normalised by system size)

Fig. 3 CDF of estimation cost in messages, normalised by system size,
on a 100,000 overlay random graph, with £ = 10 and 100.
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Fig. 4 Sample&collide with / = 100, on a 100,000 node scale-free
graph.

We next report on the costs incurred in a single run of the
approach. The cdfs of costs, normalised by system size, are
shown in Fig. 3.

Note that S&C (¢=100) incurs a cost per run that is larger
than that of S&C (¢=10) by only a factor of 3.27 (consis-
tent with the ratio of +/100/+/10 ~ 3.16 predicted by the
analysis), for a variance reduction by a factor of 10.

4.2.2 Scale-free graphs

Figure 4 depicts the system size estimates as a percentage of
the actual system size, on scale-free graphs in the static sce-
nario. The plots show that S&C methods achieve accuracy
comparable to what they achieved in the balanced random
graph setting. This suggests that they are capable of dealing
with considerable node heterogeneity in providing unbiased
estimates of system size.
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4.3 Results in dynamic settings

In order to assess the reactivity to changes of the proposed

approach, we performed repeated runs on random graphs

with varying numbers of nodes for the procedure £ = 100.
We considered three distinct dynamic scenarios:

e Shrinking network: gradual decrease, where the node popu-
lation steadily decreases from 100,000 to 50,000;

e Growing network: gradual increase, where the node popu-
lation grows regularly from 100,000 to 150,000;

e Catastrophic changes, where the initial node population
of 100,000 is suddenly decreased to 75,000 and then to
50,000, and finally faces a flash crowd with a sudden arrival
of 25,000 nodes.

Performance of S&C is illustrated on a shrinking network
in Fig. 5, on a growing network (gradual increase scenario)
in Fig. 6, and on a network with catastrophic failures and
flash crowd arrivals in Fig. 7.

140000 . i i -
| Real network size
120000 | | i (o1 [T p— |

100000
80000 |

60000

Estimated size

40000

20000 1

0 1 1 1 1 1 1 1 1 1
0O 10 20 30 40 50 60 70 80 90 100

Number of estimations

Fig. 5 Sample&Collide with £ = 100, on shrinking network; 100,000
nodes at beginning, 50% nodes removal from run 30 to 80.

160000

140000

120000

Estimated size

100000 1

80000

60000 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Number of estimations

Fig. 6 Sample&Collide with ¢ = 100, on growing network; 100,000
nodes at beginning, 50% nodes join from run 30 to 80.

@ Springer

140000 T T

" Real network size
S&C

120000
100000 f

80000

60000

Estimated size

40000

20000 1

n n n n n n n n n

0
0 10 20 30 40 50 60 70 80 90 100
Number of estimations

Fig. 7 Sample&Collide with ¢ = 100, under catastrophic failures:
—25, 000 nodes at runs 10 and 50, +25,000 nodes at run 70.

In general, changes in system size could affect the perfor-
mance of S&C, because the quality of the random samples
returned by the sampling module deteriorates if the expan-
sion of the overlay is reduced. In the current settings, the
results show that even if half of the nodes are removed in
a random fashion, it is not sufficient to affect significantly
the expansion properties of the graphs and that our algo-
rithm still provides accurate results. However, as we observe
on the three figures, the S&C estimator maintains a con-
sistent level of accuracy. The analysis predicts a relative
variance of 1/¢ = 1/100 for individual estimates, under
the assumption of perfect random sampling. Hence theory
predicts a relative standard deviation of 10% for the esti-
mates plotted on these figures, provided sampling works well.
Fluctuations on Figs. 5, 6 and 7 are consistent with a 10%
magnitude.

We should mention at this stage that in the simulations
reported here, we did not allow a departing node to leave
the system with the probing message. Such a situation may
however arise in practice, for instance due to node crash or
improper departure from the overlay. To protect the sampling
procedure used in S&C, one way of handling such message
loss at the node initiating the measurement is to declare a
probing message to be lost if it has not notified the sampling
node (when it stops on the sampled node) in a given dura-
tion since its launch. The corresponding time-out parameter
needs to be sufficiently large so that only few sampling trips
time-out while the corresponding message is not lost, and
still traveling through the system. One could for instance set
this time-out to the average trip time, plus a few multiples
of the trip time standard deviation. Here trip time refers to
real-world time, as measured by the initiator’s clock. Both
standard deviation and average of trip time can be estimated
adaptively from past measurements.

From the experimental results, we conclude that S&C and
its sampling module are robust to changes in system size,
both gradual and sudden.
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5 Conclusion

In this paper, we addressed the issue of estimating the size
of large-scale peer-to-peer overlay networks and proposed
a peer counting approach that uses random walks for peer
sampling. This is useful for basic overlay maintenance, and
we expect it to be useful as well for applications such as live
media streaming.

Our peer counting method requires random samples of
peers. We proposed a peer sampling algorithm based on a
CTRW and showed that it produces asymptotically uniform
samples, in contrast to previous proposals which were biased
towards high degree nodes. We showed that its cost for a spec-
ified accuracy is characterised by the expansion parameter of
the overlay. We constructed a system size estimate based on
the number of samples required to observe duplicated sam-
ples. We analysed in detail the asymptotic properties of this
estimate, and showed that it makes the most efficient use
of the information in the samples, by achieving the smallest
possible variance. To our knowledge this achieves the best
cost/accuracy trade-off of proposals to date [24], with a cost
scaling like the square root of the system size, and the square
root of the required accuracy (measured in reciprocal of rel-
ative variance). It is therefore a suitable candidate for large
scale environments.

Finally we evaluated our scheme via simulations, in both
static and dynamic environments. The simulation results con-
firmed the theoretical analysis and showed, furthermore, that
the scheme was robust to system changes, both gradual and
sudden.
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