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Abstract—This paper investigates the dissemination of multiple have minimal infrastructure, and instead rely on randotitna
pieces of information in large networks where users contact each to provide load balancing, robustness, and scalability. Fo
other in a random uncoordinated manner, and users upload one example, in the BitTorrent [2] system the only available

piece per unit time. The underlying motivation is the design and . . .
analysis of piece selection protocols for peer-to-peer networks infrastructure is a tracker of the addresses of users sitate

which disseminate files by dividing them into pieces. We first in obtaining the file. Each user acquires a rqndom list of
investigate one-sided protocols, where piece selection is basedther users from the tracker, who become neighbors. Each

on the states of either the transmitter or the receiver. We show yser’'s actions are based on local information obtained from
that any such protocol relying only on pushes, or alternatively ;o neighbors.

only on pulls, is inefficient in disseminating all pieces to all . . . . T
users. We propose a hybrid one-sided piece selection protocol This paper investigates data dissemination in unstrudture

— INTERLEAVE — and show that by using both pushes and networks. Initial unstructured approaches [8, 9] advatate-
pulls it disseminatesk pieces from a single source tex users in  loading the whole file at one go. Users receiving the complete
9(k+logn) time, while obeying the constraint that each user can file would then upload it to other users chosen at random.
upload at most one piece in one unit of time, with high probability These protocols were motivated in part by earlier theaaétic

for large n. An optimal, unrealistic centralized protocol would . ) .
take k + log, n time in this setting. For a soft upload constraint, WOTK on random gossip models [10, 11] and epidemics [12].

the finishing time of INTERLEAVE is, with high probability, ~ However, for large files, making users wait to receive theent

at most 3.2(k+log n). Moreover, efficient dissemination is also file before they can start serving it becomes untenable for tw
possible if the source implements forward erasure coding, and reasons:(a) file transfer may take a long time, and during
users push the latest-released coded pieces (but do not pU”)'thiS time the upload capacity of downloading users is wasted

We also investigate two-sided protocols where piece selection is . )
based on the states of both the transmitter and the receiver. &/ and (b) users who have received the file may depart before

show that it is possible to disseminater pieces ton users in Uploading a complete copy, resulting in the Compk_?te filegei
n+ O(logn) time, starting from an initial state where each user lost to others. Modern peer-to-peer file disseminationquais

has a unique piece. such as BitTorrent take the following alternative approszh
I ndex Terms_Gossip’ rumor mongering' peer-to_peer‘ random Speed Up dissemination: the file is divided into pleces, and
networks, coding users can start serving individual pieces once they aréveste

instead of waiting to obtain the entire file.

When the file to be disseminated is divided into multiple
pieces, each user has to carry out the tashiete selection:

Peer-to-peer systems are decentralized networks enabliiegiding which particular piece of the file is to be com-
users to contribute resources for mutual benefit. One wiunicated at any given time, based on local information
the main applications of such networks is the cost-effectithese local decisions have a significant impact on the global
distribution of bandwidth-intensive content from one smyr effectiveness of file dissemination, as the spread of oneepie
or a few sources, to many users simultaneously. Peer-to-pegeracts with the spread of other pieces. The motivatidns o
networks such as eDonkey and BitTorrent, which routineljis paper ar¢l) to gain a quantitative analytical understand-
serve files hundreds of megabytes in length to thousandsimg of how splitting a file speeds up its dissemination in
users, now account for a sizable share of all Internet trafiietworks with random user contacts, a(@) to understand
[1]. Examples of content distribution systems leveragind-e how the users’ local piece selection decisions impact the
user resources are given in [2-5]. The service capacitych sulissemination of multiple pieces.
systems can grow with the number of users, making themin Section Il, we develop a simple model of a peer-to-peer
scalable and efficient in servicing a large number of users stem relaying multiple pieces. We also explain how it cap-
7]. tures the speedup obtained from file splitting, and enaldes u

File dissemination networks can be broadly categorizeml into compare the efficiency of various piece selection prd&co
structured and unstructured networks. Structured networksThe user contact model is the same as in the classical random
such as those described in [3-5] rely on a specific strugessip process literature [8—11]. In Section Il we state ou
tured pattern of interconnections among users to deliver tmain results, and discuss their implications. Sections id a
advantages of scalability and robustness. The structwéerp  V contain the proofs of the main theorems. Section |V corgtain
is first set up in a decentralized fashion, and data is thamew result on the deterministic nature of the classicasigos
disseminated using this infrastructure. Unstructuredvagts process, which may be of independent interest. Section VI
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contains some simulation results on protocol performansee e.g. [9, 13]. In our work we do not impose any constraints
when some of the assumptions made in the model are relaxed.the download bandwidth of the users. However, due to
random user contacts and upload constraints, the average us
Il. FRAMEWORK of download bandwidth is still one piece per slot.

We now present our peer-to-peer system model. A re _The following simple calculation, similar to the one in
world deployed peer-to-peer network such as BitTorrenhis ?3] dempnstrates '_[he pote_nt?gl speedgp that can be h‘.”‘d from
immensely complex system to model and analyze exactly, aé\lﬁ. dsp(ljnt_lntg. kCor_13|der an C;n't'l?l conphﬁl_orlll where tr}[e ft'le '

we simplify some aspects for the purposes of tractabilityhe \vided nto = pieces, and all are initially present at one

following we first describe our framework, and then discusser called the source. It is easy t(.) see that the compl_etlon
the assumptions and approximations made. time would be at least + log,n time slots, because it

Consider a network with. users, each of whom Wamstakes at leask slots for the last piece to emerge from the

to receive an entire copy of a file. The file is divided intg°uree, a.”d a furthelog,  slots for that piece to reach all
pieces. All users have the same upload bandwidth, and tim&'fErs: Thisk + log, n lower bound holds even for systems
measured in slots. The length of each slot is the time one u ?t employ coding. It has been shown n [14].’ under the
takes to upload one piece. Any user receiving a piece in so e upload and download constraints as in this paper, that

slot ¢ can upload that piece to other users beginning in siBt ully centralized scheme can achieve this bound fomall

t + 1. Thus the spread of one piece interacts with the spregafd k. Other related work, including [15, 16], with slightly

of other pieces via the bandwidth constraint ifferent communication constraints, also points to optim

Throughout this paper, it is assumed that the users contdi§Semination times that are close kot log, n. For simpler
each other in the following manner: in each time slot ea Oofs and an extension to different upload capacities, see

user chooses target which is a user chosen uniformly at e recent paper [17]. If, however, the file is not.d.ivideobint
random from the entire network, independently of any sta leces, each user can upload data only after receiving aafopy

history, or other users’ choices. Communication in thateti {ne e_nt|re f|_|e, \.Nh'Ch takes time slots. In_thls case, complete
& dissemination takes at leastlog, n time slots, because

slot occurs only between each user and its target. This is ﬁ ber of having the fil i + doubl
contact and communication model used in the classicalesing € number of USers having the Tiie can at most double every
time slots. If we denote the ratio of the dissemination time

piece random gossip literature [8-11]. We provide bounds a pran unsplit file to the dissemination time of a file splitdnt

erformance guarantees that hold with high probability for® . . s !
E’:lrge n. Our v?ork goes beyond the classic?':ll rpandom g}:)55| pleceshas the speedup achieved by splitting the file Anto
ieces, then

literature in that it investigates the simultaneous spread

multiple pieces. klogyn

. optimal splittin eed —_—=
Once a target is chosen, the user undertakes one of the bt SPIHing speedup= k+logyn
following two possible actions From the above we see that if a decentralized protocol with

« pull: the user selects a piece it does not currently possegfdom user contacts has a completion time cloSe-tdog n

and requests it from the target. then its performance is close to that of a centralized optima
« push:the user selects a piece it possesses, and transmgigtocol, while if its completion time is closer folog n then it
it to the target. is performing badly, providing little speedup from file sptig.

For either of the two actions above, the user needs to make &or large networks, splitting a file into a large number of
piece selection. This piece selection is said tohe-sidedf pieces gives significant speedup gains, but at the expense of
it is based only on the user’'s own current state, and not on tinereased overhead. For example, two-sided protocols may
state of the target. The piece selection is said tonmesidedf require users to maintain the current states of their neighb
it is based on the current states of both the user and the.targdis may be hard when there are a large number of small
In either case the selection is independent of system kiistor pieces. This is the motivation for investigating piecessgbn
the states of other users. Different ways of making thisahoiprotocols relying on less than complete information, of aihi
correspond to different protocols. In this paper we evaltla¢ one-sided protocols represent an extreme case. Additional
performance of the protocols as measured bydtmpletion overhead arises from network and system considerationh, su
time, which is the first time slot that all users have all pieces. Hs the choice of the underlying transport control protocol.
a user pulls for a piece the target does not have, then the uséie now briefly discuss the modeling approximations made.
does not download any piece in the time slot. Similarly, if Aletwork effects including delays, packet losses due to con-
user pushes a piece that the target already has, the tra@misgestion, and user heterogeneity have been abstracted away:
is not useful. In either case the user has wasted that tinte slee assume that communicating a piece always takes the
Users have limited upload bandwidth. In this paper this @&me amount of time, between any two users. Also, real-
represented by either laard constraintor a soft constraint world systems are typically open, with users joining and
In the former, each user can upload at most one piece lgaving, while our analysis assumes the simultaneousaarriv
any instant of time, while in the latter a user is allowed tof a large number of users who are present until system
upload (potentially) any number of pieces simultaneoueie completion. The model would be a reasonable approximation
fact that targets are chosen uniformly at random means thdbathe servicing of a flash crowd scenario, in which a large
network withn users most likely has a maximum loading ohumber of users arrive almost simultaneously, which tésts t
at mostlogn for the case of soft constraints. Soft constraintscalability and efficiency of any file dissemination systeostn
have previously been analyzed in the random gossip literatuseverely. However, different models may be required foenth



situations. Also, each user may only have a limited view @onstraints

the network, and may not be able to contact users chosen 1 e

i : . og(l+ 1) l+e _
uniformly at random from the entire network. We relax thigp T, < 72 = |logn| > 1-n ¢
last assumption using simulations in Section VI. I log(1+ 1) log(1+ 2)

Finally, an important component of any peer-to-peer system ) 1)
is the incentive mechanism used to ensure users do not le8gf for soft constraints
off the system. In this work we do not investigate incentives 1 log(1+ 1) 1+ec
but comment that it may be possible to design token-basged| T, (") ( ) 1
incentive schemes that are compatible with our piece sefect log(1 +7) )
protocols. (2)
for all ¢ > 0, and anyn and k.
Intuitively, the reason that pull protocols are efficierarfr
[Il. OUR RESULTS PROTOCOLS AND THEIR a starting state such as the one in Theorem 2 is that each pull
PERFORMANCE request has a probability greater thaof targeting a user who
can service the request.

The main contributions of this work are outlined in this tha next theorem gives an upper bound on the completion
section. The piece selection protocols are describedgaldth o for a pull protocol.

corresponding performance bounds, in the following order: ) ) ,
one-sided protocols using only pull, one-sided protocsiagi | "eorem 3: Consider a network withusers andk pieces,
only push, the new hybrid one-sided protocol INTERLEAVESCh initially present at one user, implementing a pulldzhs
and a two-sided protocol. protqcol for.p|ec_e dissemination, with hard or soft conBtta.
In our investigation of one-sided protocols, we assume thlgtT is the first time that all users have all pieces, then given
the file is divided intok = k(n) pieces, wherek(n) is at a9 >0, anyc >0, n large enough, and: arbitrary,
mosta polynomial function of:, and present results that holdp [T < 4¢ (1 + 6) (klogk + (1 + c)klogn)] > 1—2n"°
with high probability for largen. Thus the relative number of
pieces and users is allowed to vary over a broad range. If k grows at most polynomially inn, then klogk is
One-sided pull-based protocols are those where all comnWik logn), and Theorem 3 implies an upper bound of
nication occurs only via pulls, and piece selection is ade&  O(klogn). Thus, Theorems 1 and 3 together show that the
Two examples within this class of protocols are: completion time for any one-sided pull-based protocol is
O(klogn) with high probability. Theorem 3 in the case k=1
implies that the pull protocol with hard upload constraicas
disseminate one piece i@(logn) time, which is Theorem 5
SEQUENTIAL PULL: Pieces are numberéd. . ., k, and of the recent paper [17].
in each slot each user pulls the lowest numbered piece One-sided push-based protocols are those where all com-
does not possess. munication occurs only via pushes, and piece selection is
- one-sided. We only consider push protocols satisfying the
We now p_roceed to statg the theorems. The f'rSF ISa negg%v d upload constraint. An example of such a protocol is the
result showing that the time needed to disseminate a fi

. . . lowing.

fraction of the pieces to a small fraction of users grows as
the product of the number of piecésandlogn. This means |RANDOM PUSH: In each slot each user pushes a
that using one-sided pull during initial disseminatiorifao |random piece from the set of pieces it possesses.
exploit the potential speedup due to file splitting. Unlike pull-based protocols, some push-based protocols

Theorem 1: For hard or soft constraints, for afi 5 < 1 May never reach completion. For example, if pieces are pushe
and starting withk pieces in one user each, I&f be the time in a strict predefined priority order by all users, then theead
taken till at least3k pieces are present iR users each, Of lower priority pieces may be suppressed by the spread of

using any one-sided pull-based protocol. Then, for any0, the higher priority ones. However, other push-protocothsas
RANDOM PUSH eventually reach completion. The following

P [Tﬁ > (1 —e)klogn] >1—n"° theorem shows that one-sided push-based protocols are slow
in the final stages of dissemination.

for all ¢ > 0, k at most polynomial im, andn large enough.  Theorem 4: For) < 3 < 1, from an initial state in which

The next theorem shows that, starting from a state whe#é pieces are each absent i users, let7'” be the time
each piece is present in a fraction of the nodes, any puticbagaken till all pieces are present in all users, using any push
protocol delivers all pieces to all users @(k + logn) time, based protocol. Then, for any> 0,
with high probability. Thus, pull finishes disseminationtivin B~ B > | _gc
a constant factor of the time needed by the optimal cenémehliz PT% 2 f(1-eklogn] > 1-n
protocol. for all ¢ > 0, k at most polynomial im, andn large enough.

RANDOM PULL: In each slot each user requests a
random piece from the set of pieces it does not possess.

—

Theorem 2: Let) < n < 1 and consider any pull-based Since the completion time grows linearly in the product
protocol. From a state such that each piece isnin users, of gk andlogn, Theorem 4 shows that purely push-based
if T;, is the time till all users have all pieces then for hargprotocols provide no speedup from file splitting.



We now outline how the above results motivate the desigiUSH ensures that each user receives approximately 63.2%
of the hybrid efficient one-sided protocol INTERLEAVE.of the coded pieces emerging from the source, and each of
Theorems 1 and 4 show that any protocol relying on only ottleese pieces is received approximatkly, n time slots after
of the push or pull mechanisms can provide no speedup frotremerges from the source. This means that each user can
file splitting. Also, pull protocols are inefficient near tetart to build up a large enough collection of coded pieces in a
but efficient in the end, while push protocols are inefficient timely fashion, enabling the decoding of the source file. hSauic
the end. This indicates that it may be possible that a hybrdmbination of source coding and PRIORITY PUSH may be a
protocol, in which users execute pushes and pulls, can @nsgood candidate in scenarios such that two-way communitatio
efficient completion. between users is impossible or infeasible, because in #sis ¢

Theorem 2 shows that, from the viewpoint of achievinthe pulling of pieces by users would not be possible. Theydela
O(k + logn) dissemination time, an intermediate state — iguarantee provided by PRIORITY PUSH means that it might
which each piece is present i users for some; > 0 also be a good candidate for the relaying of source-encoded
independent ofn — is of fundamental importance. Fromdata that is of a streaming/real-time nature.
such a state, user pulls in any hybrid protocol would enableTurning to the design of an efficient hybrid one-sided proto-
completion inO(k + logn) time. To design a hybrid protocol col, observe that PRIORITY PUSH (witl1) manages to de-
whose overall completion time, from start to finish, is alstiver aimost every piece to abo(it—e~!)n nodes. This makes
O(k 4+ logn), we would thus need to it a suitable candidate for combining with a pull protocol to

(a) design a push protocol that reaches the intermediate st#i@!ly generate a hybrid protocol. The fact PRIORITY PUSH
in O(k + logn) time, and tends to deliver pieces with lower numbers before pieces

(b) combine the above push protocol with a puII-base‘Hith higher numbers, suggests _that a good pull protocol to
protocol in a decentralized way. combine with PRIORITY PUSH is the SEQUENTIAL PULL

. . . . - protocol. The protocols are combined by having users altern
This is the idea underlying the design of the efficient pmtocbetween pushing and pulling. The performance guarantee of
INTERITEAVE' . .. PRIORITY PUSH is more fragile than that of SEQUENTIAL

Working towards the first of the above two objectivespy) | | and for this reason the hybrid protocol INTERLEAVE
\c/)vfepgﬁgcii ttr;]zt é/:]kélyleth'lt;?gc?rseryoZar?:li;a:)njgeaggree n‘:ﬁ;glre?% df?'Sign'?'ﬂ SO t[]at Th'e éoullin% %ogsl not interfere with the
efficiency of push protocols in the beginning. In particular SiNg. The profocol 1s described below.
some push protocols may not reach the intermediate state_in
O(k + logn) time. We thus need to design a push protocoiNTERLEAVE:

for this objective. Consider the one-sided push-basedpobt « Pieces are numberddQ, o .
PRIORITY PUSH. « In every odd time slot, the source pushes the piece

: with number one higher than the one it transmitted
P%'%@ggs F;Pesrl;{jmberelﬁ in the previous odd time slot. Every other user

« in each slot every user other than the source trans pushes the highest numbered piece it received in th

mits a copy of the highest numbered piece it has previous odd time slots. The user may have a higher
received until that time numbered piece obtained in an even time slot, bu

« The source transmits piece numbén the time slots this is not the one chosen for transmission.
(i—1)I+1,...,4l, such thaf > 1 is an integer called « In every even time slot, every user sends a pull
the spaciﬁgo{thé protocol - request for the lowest numbered piece it does not

already have. In this slot users do not distinguish

(1)

Theorem 5: Given anyy > 0 and 0 < ¢ < 1, if the pieces based on whether they were received in even
PRIORITY PUSH protocol with spacirigs implemented, the or odd time slots.
probability that a given piece reachesn(1 — e~ — ) users — In the case of soft upload constraints, a user
within time (1 + 0) log, n after leaving the source is at least services all the pull requests it receives and can
1 —3n~¢ for large enoughn. satisfy. In the case of hard upload constraints 4
Before we proceed with the design of an efficient hybrid user chooses one of the pull requests it receives,
one-sided protocol, we briefly comment on the use of PRI- and serves it if possible.

ORITY PUSH for the case when the source has the ability to
generate pieces that are forward-erasure-coded versidhe o o i ]
original file pieces. With forward erasure coding, each user Theorem 6: If7" is the time INTERLEAVE takes to 1d'3'
now only needs to build a large enough set of distinct codé§minate thé:; lowest numbered pieces, then given any ;
pieces to be able to recover the original file. A protocol das¥/€ have that, for hard constraints,

on a combination of rateless forward error correction at the L s

source, as proposed for example in [18], and piece relayirwith P [T 'S 9k +2(1 A+ ) log, n] 2 1-an
the network using PRIORITY PUSH, would WOF!( as f0||0WS'and for soft constraints
the source pushes a new coded piece in every time slot, which

is labeled with a piece number as required by the PRIORITY p [Tkl < 3.2k1 4+ 2(1 + €) log, n] > 1—5n°
PUSH protocol. A user at any time would transmit the highest

numbered (coded) piece it currently possesses. PRIORITof anye > 0, k; at most polynomial im, andn large enough.



The above theorem implies that, with high probabilitypure pull store-and-forward algorithms. The work [13] skow
INTERLEAVE achieves complete dissemination in time that ihat these negative results can be overcome by using random
within a factor of nine (or 3.2 for soft constraints) of what alinear coding, whereas we show that they can be overcome by
optimal fully centralized protocol could achieve. This mea combining pushing and pulling, as in INTERLEAVE.
that it will be able to provide a significant file-splittingesgdup ~ We now move on to consider two-sided piece selection
for large networks. protocols. When a user carries out a pull, it can base the

The fact that users communicate pieces in rough order, apigce selection on knowledge of the target's current siéte.
the delay guarantee of Theorem 6 for the lowest numbere@nsider anall-to-all communication problemmeaning that
pieces, suggest that users receive lower numbered pieeesfgéthe initial state, there are distinct pieces present in the
fore higher numbered ones. This indicates that INTERLEAVEYstem, one in each user, and the task is for all users tonobtai
or protocols of a similar design, would be useful in peer-t@ll pieces. For this state, consider the following two-digeill
peer networks in which the data to be disseminated is ofpgotocol:

real-time nature. ADVOCATE: If the user does not already possess the
It is interesting to contrast the above performance guaeanttarget’s initial piece, it downloads that piece. Else itipul
of INTERLEAVE with the single-piece results of Karp et/a random piece from among those present in the targe
al. [9]. In that paper, the authors obtain a lower bound obut absent in the user, all such choices having equa
Q(nloglogn) on the number of transmissions of the singlgprobability.
piece that need to occur for complete dissemination, for
any protocol relying on random user contacts of the kind In this protocol each user acts as an advocate for its initial
studied in our paper. However, when there are multiple siec@iece. The protocol respects a hard download constraint and
protocols can save bandwidth by pipelining across piec&®ft upload constraint. An optimal centralized protocothwi
INTERLEAVE manages to do this pipelining in a way thathe hard download constraint takes at least 1 time slots to
results inO(n) transmissions per piece, which is the optimagomplete. The following theorem shows that the ADVOCATE
order. protocol completes in time very close to this optimal, with

Simulation results are given in [17] for a randomizedigh probability. . . .
algorithm which suggest that the algorithm completes in Theorem 7: Starting with each user having one unique
O(k + logn) time. However, the algorithm requires that #1€ce, the ADVOCATE protocol operating under soft con-
user can select at random a peer to pull from, among &ffaints finishes im + O(logn) time with high probability.
peers that have at least one piece that the user does not y#f the above theorem the constant multiplyingis one,

have. So, apparently, implementation would require cénéd Which is the best possible. The above theorem means that for
information. large n the fraction of wasted time slots is negligible.

— —~+

We briefly compare our results to those of Debéddrd,
and Choute [13], which considers a network coding approach IV. ONE-SIDED PROTOCOLS
to file dissemination. The setting of [13] is similar to theeon | this section we give the proofs of Theorems 1-6, which
here. In particular, either pushing or pulling is considienéth  geal with one-sided protocols.
random contacts of other nodes, and the protocols are one-
sided. There arex nodes in the network, ank pieces to be ,
delivered to all nodes. It is assumed that n. The essential A- One-sided Pull-based Protocols
difference is that nodes forward random linear combination Since Theorem 1 is a lower bound on completion time, there
of the pieces they receive. When a node acquirdimearly is no loss of generality in assuming soft constraints. Tleaid
independent coded pieces, it can recover the oridin@eces. behind the proof is to use a probabilistic counting arguntent
The upload constraints for the pull algorithm and the dowdlo provide a lower bound on the number of pull requests needed
constraints for the push algorithms are soft. It is shown thper piece. Since at mostpull requests occur in any given time
random linear coding and pull-based dissemination finiglyes slot, such a lower bound on the number of requests needed
time 3.46k + O(y/k1In(k)In(n)) with probability 1 — O(1), yields a lower bound on the dissemination time.
and simulations of [13] suggest that the actual complefioet  Lemma 1: Consider a system with soft constraints, and an
grows with & as2k. These bounds and simulation results anaitial system state such that a given piaece present in only
very similar to the upper bound for soft constraintd2)k + one user. Led be the number of pull requests foneeded till
2(1 4 €)logy(n), and the simulation results given in Sectiorit is present ingg; users. Then given any> 0 and ¢ > 0,

—C

The paper [13] also gives lower bounds for two particular P[A<(1—¢é)nlogn] < n
store-and-forward algorithms, namely, random message-sel k
tion with push (the same as RANDOM PUSH) and randofior any k& that grows at most polynomially in, andn large
message selection with pull (similar to RANDOM PULL,enough.
but with the transmitter, rather than the receiver, makimg t Proof of Lemma 1: The probability of success of any pull
random choice of piece). These negative results are alamguest increases in the number of pull requests occurring
the lines of our Theorems 1 and 4. Our theorems are mateictly before it. It is thus sufficient to assume that the
general, for they apply to broad classes of algorithms. Amill requests for piece occur in strict sequence, with no
we point out, these negative results are for a pure pushteo being simultaneous. For such a sequer@ep(+) pull

i
n



requests fop are needed before its occupancy goes ficim for all # such that(1 — p)e? < 1. This gives
i+ 1 users. Thus A is stochastically greater than or equal to 0t f (X1t X)
the sumB = Geo(1)+ Geo(2) ...+ Geo(-1-). In turn, the P(T;>t) < e "Bl *]

n logn

probability P[B < (1 — ¢)nlogn] is shown in Lemma 11 in = e YR/t ) BN X LX) ]
the appendix to be as small as is required by this lemilia. —y ( pe? 9) B/ X1+ Xim)]
- 1—(1-pe

Proof of Theorem 1: For a given pull protocol, letd, be

the number of pull requests for a particular piecantil it is

present in% users. Since there are at mespull requests
in one time slot, it follows that for any time

IN

k
e 0t pe’
1—(1—p)e?

nt Now, by the union bound, if" = max; T;
PTP <t] < P {Ap < i for some piecm}

nt
?P@<w}

From Lemma 1 we see that, if is large enough, choosing

-0t pe’ *
P(T>t) < ;P(Tl>t) < ne <1(1p)69)
The lemma is thus proved. |
Proof of Theorem 2: Any pull request is successful with
i , i . _ “probability at leastp = 2 for hard constraints, op = 7 for
#r = (L—e)nlogn yields 5°, P {AP < ﬁ] < n~% This  goft constraints. Setting the RHS of (3) 40 gives
proves the theorem.

1 0 1
t = <log <p60>> k + <—|—c> logn (4)
We now turn our attention to Theorem 2. Here, we assume 0 1—(1-pe 0

without loss of generality that the system is operating undmiote that the choice of in (4) trades off between the
hard constraints. Any user needs at méssuccessful pull coefficients ofk andn. Choosingd = log(1 + p) < 1Ogﬁ
requests until its collection is complete. From the inis&dte gives
of Theorem 2, the time to the next successful pull is always
stochastically less thafieo()3. Each user can thus be shown t = (1 __logp ) k 1tc
to complete inO(k) time, and by a union bound the slowest log(1 + p) log(1+p)
of n users can be shown to finish @(k + logn) time. We  Substituting the value of = 2 for hard constraints op = 7
now proceed to make the above argument formal. for soft constraints proves the theorem. ]

Lemma 2:For each usef, let T; be the first time slot that  If users are implementing SEQUENTIAL PULL, all that is
useri has allk pieces, given that each pull is successful withequired for (3) to hold is that piece numbere present in
probability at leasp. Then, for all timest, nm users by time slot number, instead of being so from the

beginning. This is because users pull in sequence, and so do

} S ( pe’ >k 3) not pull piecep before timep. Choosing# close to 0, with

- p)e’

IN

logn

P { max 1; >t
1<i<n

1—(1— p = %, gives the following lemma, which is used in Section
IV-C.
for0 <6 < log%’ and anyn and k . Lemma 3: Conslder a scenario such that piéds present
P in mn users by time slot, for eachi € 1,...,k, and

Proof of Lemma 2: Any node would need at most SUC-  or~\eNTIAL PULL is implemented. Fer> 0 there is a

cessful pull requests t”.l its collection is complete. Fseq, cc%nstantME, such that ifT" is the time till all users have all
let X4,..., Xy be the differences between successive tlmesﬁpieces

which its pull requests are satisfied. Then, using the Markov
. : 1
inequality, for¢ > 0, P [T > < + e) E+ (14 c¢)Mlog n] < n ¢
E[ee(X1+~~-+Xk)] P

P(T;>t) = P(X1+...+ X >t) < 0

for ¢ > 0 and alln and k. Here p = 2 for hard constraints,
and p = n for soft constraints.
Now, at each time, the probability that the user's pull i§Toof of Lemma 3: By the reasoning above, ifdepends 10'8
successful is lower bounded by This means that any; 2Sin (4), thenP[T' > ¢] < n~ for any value off < log 1.
is stochastically upper bounded byGzo(p) random variable, NOte now that
irrespective of the otheX’s. Thus, .1 pe? 1
lim —log| ———— | = —
6—0 0 1—(1-p)e? P
and so givene > 0 there exists & > 0 such that setting
6 = 6 givest = % +€)k+ (1+c)M.logn where M, = }
is a constant that depends emnd grows large as becomes
2For any0 < a < 1, Geo(a) represents a geometrically distributed

random variableP[Geo(a) > m| = (1 — a)™ for integerm > 0 small. . o .
3The target has the requested piece with probabilitand is not simulta- For the proof of Theorem 3, we first prove a stochastic

neously targeted by any other user with probabifity— 2)m~1 > 1 upper bound on the number of pull requests for a given piece

6x Pee
E IWX1... X, 4| < —MMm—
[6 | 1 J 1] = 1_(1—0)69



before it is present ian users. We then use this to provide afror any number of request&8 we now have the following

upper bound on the number of requests needed for all piesesies of inequalities:

to get toen users each. Since at leastl — ¢) pulls take place -

in every time slot until this state is reached, an upper bou {Za S F {52?& a5 gF) < E[ﬂ21 at] < ﬁ

on the total number of pull requests needed provides an uppe - B - pF

bound on the time taken for the system to reach such a state. (6)

For the remaining time to full completion, we use Theorem %ettmg the RHS of (6) té‘f and substituting the value ¢f
Lemma 4: For hard or soft constraints, starting from anwe get

initial state where piece is present in only one user, let

be the number of pull requests for a piecentil it is present F = 29+1enlogk n 2% 1e(6 + ) nlogn
in all users. Then, for any > 0 and anyk and n, 0
n=¢ The choice off enables us to trade off between the constants

P[A > (4e)nlogk + 4e(1+c)nlogn] < of nlog k andnlogn. Settingd = 1 proves the statement of
the lemma for hard constraints.

It remains to prove the lemma for soft constraints. Notice
lFhat givena; and Ny, the variableN,,; is stochastically larger
URder soft constraints than under hard constraints. Heébice (
is also true under soft constraints. The remainder of thefpro

of Theorem 3 for soft constraints is then the same as for hard

Proof of Lemma 4: The lemma is first proved for hard
constraints. If a user not having requests it from a user
who hasp, and no other request has the same target, then i
counted as a success. For any titrlet V; be the number of
users who have at timet, anda; be the number of requests
for p in that time slot. Ny, is equal toV; plus the number constraints -
of successes in the, requests. Note thaV; < N,y < 2Ny, ’

The above lemma gives an upper bound on the number of
because each of th¥; users can satisfy at most one request . : . . :
1 s pull requests required for any given piece before it actieve

in one time slot. For any > 0, the functionf(x) = 5 full occupancy. This can be used to provide an upper bound
convex forx > 0 and hence for any two positive numbers pancy. This ca {0 provi PP
: for the amount of time it takes until each piece has occupancy
andb if b <a < 2bthen L . .
en. This is done in the following lemma.

1 1 < _ L( —b) Lemma 5:Consider a system withw users, starting with
a? b0 T (2p)0H1 k pieces present in at least one user each, implementing any
So, we have that pull-based protocol. Givea > 0, let T, be the first time that

each piece is in at leasth users. Then, with hard or soft

E [Ni N, = j,at] - % < _QE[Nt+1(;_;Jﬁt =J,%)  constraints and for any > 0 and anyn andk,
t+1 J J
. 4e 4e(l +c e
If N, = j, the probability that any one of the requests fop P\T. > 1= klogk + g klogn| < n

is successful ig(1—1)"~1 > ] . Thus the expected number
of new users satisfieB[N; 7]|Nt =j,a4] > W . and hence Proof of Lemma 5: Till time 7. the number of users who have
completed their piece collections is less thanand hence

E { 1} N, =, at} ie _ % at) there are at least(1 —¢) pull requests in each slot. Let. be
Ni J (QJ) 1 ne the total number of attempts until each piece isinusers.
1 Then, for a given timg, the eventl, > ¢ implies the event
- <1 29+1€ n) jo A > n(l —e)t.
5 at Let A be the number of pull attempts till all users have all

< (5) pieces, andA? the number of pull requests for piegetill it
is present in all users. We now have that
where§ = exp(w) Let §; denote the entire history till

(and including) timet: it contains all the numbers, ...a, as ~ Plle >t < PlAc>n(l—e)t] < PlA>n(l - €)t]

well as N ... N,. Define the quantity < ZP [AP - n(l — e)t]
o1 k
Y ﬁ21 s P
Lo NY Where the last inequality is a union bound over all packets. If
By (5), we choose
I de de(1+c)
- 1 2 as g=ar t = klogh + —————> k1
E [My1|8:] = B> E | ——|3: f%—Mt 1—e 8 - oen
Nt+1 N (1-o)t .
so that(M,) is a nonnegative supermartingale with respeéf€n Lemma 4 implies thap {AP > Tk < %~ and
to .. Let T,, be the number of time slots required fan henceP[T. > t] < n~°, completing the proof. [ ]
successes. Then the optional sampling theorem and the fadfVe have already seen that pull-based protocols take at most
that M; = Ny = 1 imply that O(k + logn) time to get from a state where each piece is in
ST, T en users to one in which all users have all pieces. This, in
1 > g 10 . B 19 ’ conjunction with the Lemma 5, enables us to prove Theorem
- NF. - n 3.




Proof of Theorem 3: Let e = 52—, and 7. be the first time  Proposition 1 (Deterministic nature of the classical gp3si

249
that each piece is present in at leastusers. By Lemma 5, Let0 < ¢ < 1,1’ € Z,, ande > 0. Then forn sufficiently
large:
0 . arye
F {Te > de (1 * 2) (klogk + (1 + C)klogn)] =7 () Y(14e)10g,n—vv = (1 = §)n,

i 1—c
(i) If, also, e < ¢, then

Also, for large enough, Theorem 2 yields that _ [ o g .
PIT T, > 26 (logk + (14 Oklogn)] < n~° P{lY; =Y, <2'n " for0 <t < (l+4¢€)loggn} >1—n"°,
: . i) P{Y(110)10g.n > (1 —€n} >1—n"c.
2utt|ng the two equations above together proves the theorém)us, vv(ith )hiézh probability, the classical gossip process
closely follows the deterministic sequengg, and reaches
_ n(l —€) users in(1 + ¢) log, n time.
B. One-sided Push-Based Protocols Proof of Theorem 5: Consider a particular piece during
Proof of Theorem 4: The proof of Theorem 4 about theexecution of the PRIORITY PUSH protocol, and let the time
inefficiency of any one-sided push protocol in the final stagexis be adjusted so that the source first transmita time
is similar to the proof of Theorem 1. Lemma 6 below iglot 1. Note that the spread of piepeand subsequent pieces
analogous to Lemma 1 for pull, and is proved in a similgg not affected by the spread of pieces precedingor any
fashion. It leads to the proof of Theorem 4 in the same waine ¢, let A, be the number of users transmittipgin time
that Lemma 1 leads to the proof of Theorem 1. B siott. We are interested in the procedsand for this purpose
Lemma 6: Consider an initial system state such that a giveill higher numbered pieces are equivalent, because thexg cau
piecep is absent in > users. LetA be the number of pushessimilar interference to the spread mfS, letB, be the number
for p needed till it is present in all users. Then given any 0 of users transmitting higher numbered pieces in timetslét

and c > 0, for any pull-based protocol, any time, a user may be counted eitherdnin B, or as not
n—°¢ transmitting pieces that are numbergdr higher. It is clear
PA<(1—-¢é)nlogn] < A that:

for k at most polynomial im and n large enough. o The procesgA; + B; : t > 0) is stochastically identiC(l:aI
Proof of Lemma 6: Since we are interested in the number of  to Y delayed by one time unittA; + B; : t > 0) =
push transmissions for a given piepewe can assume that (Y;_1 : t > 1)* and in particular4; + B; £ Y, for
they happen in strict sequence. Some of the transmissiens oc eacht > 1.

cur to users already possessmgand thus are not successful. «+ The process3 is stochastically identical t& delayed by
Forl < i < g let X, be the number of transmissions [+ 1 time units: Adopting the convention thaf = 0 for
occurring when exactly users do not have the piece. Itis ;- we have(B, : t > 1) 4 Yooy :t>1).

easy to see thak; ~ GEOM(), and we are interested in SinceA; = (A+B,)— B, the above shows that the process

obtaltrlunghat I.ovx(/jer bqunfl ford :1 Zzé(l HO\:Cvevtehr, th'sd's él)is the difference of two time shifted versions of the claakic
?I:(:C r>(;\(l)vf gf tlrs1atc:2re;1rl1t:a emma 1, and we refer the rea.er ossip process. Based on this idea, we shall apply Propositi
Tr?e PRIORITY PUSH Protocoltn the remainder of this 1 to deduce bounds on,. Each timep is pushed, we call the
. . . : node that is pushed to, the target. Thus, during the execution
section we describe the classical random gossip process de- : . N
of the algorithm, a sequence of targets is generated, domsis

ggzdulsne[%r?i rge“slﬁltatgevrvosgn_ﬁﬁggg:gn5rerzugrg;thiigr%?é _random variables that are independent, with each variabl
P  [eg 9 uniformly distributed over all the nodes. Even thoygimay
ITY PUSH protocol. The random gossip process concerns hed onl fini b  1i d th
users and only one message, which is initially present wi?ne pushed only 2 finite number of imes, we can extend the
) ’ - arget sequence if necessary, so that it is an infinite seguen
one user. Users with messages are caltddrmed In every

! . of independent random variables, each uniformly distadut
time slot, every informed user contacts another user chosen
uniformly at random from the set of all users and sends o the set of alh nodes.
: : . or somee > 0 (to be chosen later), 1&F = (1 +¢) log, n,
(pushes) the message to this user, who is then also mformg d define the following events:
Let Y; be the number of informed users at timeand call the ’
process(Y; : t > 0) the classical gossip proceshe initial &, = {|A,+ B, —Y,_1| <2 'n > for1<t<T-1},
condition isYy = 1. 4 t—1—1, —2e€
We present a hew concentration result for the prodéss & = (B =Yl <2 nforl<t<T -1},
Related results are given in [10, 11], but the result here and let&; denote the event that the firsf(1 — ¢) targets of
more exacting regarding the time that the message reachestlie target sequence includes at le@ist- e=! — §)n distinct
users. LetG(y) = y+ (n —y)(1 — (1 — 1)¥) for y € [1,n]. nodes.
For brevity, the dependence 6t on n is suppressed. Note By Proposition 1.(ii),P[€; N &] > 1 — 2n~¢ for n large
that fory € {1,...,n}, enough. The probability of; is the same as the probability
- o thatnl(1 — €) balls thrown independently and uniformly into
Gly) = ElYen —YifYy =y o, bins(cover) at leastl — e~! — §)n bins. A standard Poisson
Define the deterministic sequen(g; : t € Z) recursively by comparison argument shows that dfis sufficiently small
Y,=0fort<0,Yy=1,andY,;; = G(Y;) fort > 0. The
following proposition is proved in the appendix. 4The symbol< denotes equality in distribution



(depending orv), then P[€3] > 1 — n~¢ for n large enough. Proof of Lemma 7: For eachi € 1,...,k let T® be as above
Thus, for suck, P[E1NENE3] > 1—3n~° for n large enough. and let

It thus remains to show that, on the evénn&;NE3, message T — max {T", 2 +2(1 + €) log, n}
p reaches at leagtl — e~/ — §)n nodes.
On the event; N &, for 1 <t < T —1, Consider any two successive failed pieeggsand ¢;,:, and
_ _ _ let ¢;+1 —g; = {. Then, for each < s <1 —1, piece number
A= (Y =Yia) <[4+ B _7Yt—1\ q;+s, which has not failed, is present in at leagl —e~! —¢)
+|By = Yy11| users by timel'% + 2s. Also, after7%, all users pull pieces
< tpT2e numberedy; +1 or higher. For this scenario, Lemma 3 implies

) that all users obtain all piecésuch thayy; < i < ¢;41 within
which means that

_ _ 1
A >Y =Yg —2tn2 (8) (p + e) (¢Gj+1—¢;— 1)+ M. (1+4c)logn

Summing each side of (8) ovér< ¢ < T — 1, canceling like

terms, and applying Proposition 1.(i) with=1[ + 1 yields pull_slots, with probability at least — n~*, where p =

1‘%1‘6. Choosinge so small that; + ¢ < 4.4, this implies

T—1 T-1 ¢ that

A > (Y Ve ea(1-5)-ntt N

t=1 t=T—1 2 Ta+ =t < T9 +8.8(gj41 — ;) + 2Mc(1 4 ¢)logn
> nl(l—e),

with probability at leastl — n—¢. Also, by time 79+1~1 all
for sufficiently largen. Now, ZtT:_ll A, is the total number of users pull for pieceg; i, or higher pieces if they already
timesp is pushed before tim&. Thus, on the everf; N &,, haveg;,,. By Theorem 3 withk = 1,

there are at leasti(1 — ¢) pushes before timé&, and on the . N

event&s, that is enough pushes to reach at ldaste=" —)n ot =197 < Be(1+0)(1+c)logn

nodes. Thusp does reach at leagll — e~! — §)n nodes by
time T, on the event; N & N E;. The proof of Theorem 5 is
complete.

with probability at leastl — n~¢. The last two inequalities
above imply that

T+ < T% +88(gje1 — q;) + (L +c)logn  (9)

C. INTERLEAVE . -
. ) with probability at leasti — 2n~¢, such thaty = 8¢(1 +§) +
In this section we analyze the performance of INTER; . Defining 7% = 2(1 + ¢)logyn and gi1 = k1, and

LEAVE, and prove Theorem 6. The following two Observaéumming (9) over allj shows that
tions about INTERLEAVE facilitate its analysis:

« The pulling does not interfere with the pushing: if the 7% < 8.8k; +2(1 + €)logyn + my(1 + c)logn
system were sampled only in the odd time slots, the, . . ) logm
pieces pushed would be identical to an alternative systédfh probability at leastt — 2mn~¢. Replacinge by ¢+ 225
running only PRIORITY PUSH. In particular, the pushing’roves the lemma. u

of higher numbered pieces is unaffected by the spread of
lower numbered pieces. We are now ready to prove the performance guarantee of

« Within the pulling in the even time slots, the spread® INTERLEAVE protocol as given in Theorem 6.

of higher numbered pieces does not interfere with the ) .
pulling of lower numbered pieces. Proof of Theorem 6: Let m be the number of failed pieces

in {1,...,k}. Then, by the Markov inequality we have that

Call a piecefailed if it does not reach’* users within
time 2(1 + ¢)log,n of being pushed by the source. Note ., E[m]
that £ < 1 —e~! and hence, by Theorem 5 with= 1, Plm > kn™°] < Tin=s
the PRIORITY PUSH operating in the odd time slots ensures
that P[p fails] < n=¢for 0 < ¢ < 1, andn large enough. By Theorem 5, ifn is large enough the probability piege
For eachi € 1,...,k define T8 = min{t : failsis less tharBn=2* for s < . This means that[m] <
each piece irl,. .., present in all user$. We are interested 3k1n~>* and so
in finding an upper bound on any given’. So for the
remaining analysis in this section we choose some< k
and provide an upper bound @f:.
Lemma 7: Givenl < ¢; < ... < ¢m, let £ be the event
that {q1,...,qm} is the set of all failed pieces numbered les
than or equal tok;. Then, for any > 0 and n large enough,

Plm > kin™°] < 3n~° (20)

Now, in Lemma 7, ifm < k;n~*% then the fact thak; is at
most polynomial inn implies thatm~(1 + ¢)(logn + logm)
B o(k1), so forn large enough its value is less th&m2)k .
So Lemma 7 yields:

8.8k +2(1 + €)1 . B _
P [T’ﬂ > ( - 717;(1(;2)202%11%@ ) M <27 P[T" > 9k +2(1+¢)logon | m < kn~*] < Zn( S)
11

such thaty is a constant independent af Theorem 6 follows from (10) and (11). |
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V. TwWO-SIDED PROTOCOLS and Np up to timet, which are independent and distributed

Theorem 7 is proved in this section. Letdenote the piece according toPoisson(t). Denote the primary and secondary
that user has initially. At any timef define a usef's primary collections of the users in the alternative system with a hat
collectionto be the set of pieces; such that contacted usef OPServe tha’s and P are stochastically increasing iV
by timet. Note that a piecg; can be in the primary collection and N respectively, and so we have that for any- 0,
of user: even if¢ did not getp; directly from userj. The = =
piecep; originally at user joins the primary collection of user P{|Pp = Pal <a] < P ['PB —Pal< x|NB St Naz t}
i the fi_rst time that contacts it_self. At any time, the primary P[|133 _ 13A| <2,Np <t,Ny>t
collections of the users are independent of each other, and =
. . . : 3 P[Np <t,Np > ]
identically distributed. The pieces that ugehnas that are not ~ ~
in its primary collection are said to be in usés secondary P[|Pp — Pa| < z]
collection To proceed with the proof, we analyze the evolution ~ P[Np<tandNy4 >t]
of the system by breaking time up into four phases. < 4P[Bin(n,e n(1—e %)) <

Phase I: This phase goes from the beginning up until time _ _
ni—%, wheres is an arbitrary but fixed constant with< § < Where for the last inequality we have used the fact that fer th

1. At the end of Phase I, the maximum number of piecesRpisson-distributed random variablés, and Np, P[Na >
1

user can have is+n i (the original piece plus one more fort] > 3 and P[Np < ] > t% .
each time slot). The following lemma shows that, with high Settingz = n(1 — e~ =)e™ = (1 — ¢), the Chernoff bound
probabi"ty for |argen’ this maximum is near|y achieved byon the binomial distribution (see for example Theorem 4.5 of
all users. [19]) gives

19 all users have at least: —9 pieces

Lemma 8:At time ni
each, with probability at least — n=4.
Proof of Lemma 8: A useri is said torepeatin time slots if,
in time slots, the user either contacts itself or contacts another
user that it had contacted previously. For 1, the probability Now, for ¢ € [ni 9, 2],
a given user repeats in any given time slotlin.. ¢ is less
than or equal tOf;. Thus, the probability a given user repeats i _t 1y ni=
twice or more by time slot is less than or equal t() ()2, n(l—e™m)e™m = t{l—e e 3

. . 4 . .
which is less than;. Taking a union bound over the set ofrhis proves the first part of the lemma. The second part is

PPy — Pal <n(l—e #)e 5 (1— e)}

<4 6771(1767%)67%62/2

8

(NI

>

all users, and setting= ni%, we get proved along similar lines:
) ) t4 ~
Plany user repeats at least twice by tifje< n— = n~*. PllPal<z] < P {|PA| <z |Na< t}
n
Finally, if every user repeats at most once, then every user < 2P {|PA| < x}

misses at most one piece by time 9. |

2P {Bz’n(n,l - e_%) < x}
Phase II: This phase continues up until timg. Beyond
time ni~%, the users start repeating contacts more ofteﬁfe
and hence the technique of Phase | is not applicable.
Phase Il, we make use of the fact that the sizes of the user’ S
primary collections are large enough and different enowgh & 114 + 54| <+ 1, so the second part of Lemma 9 implies
ensure that useful pieces can still be found in these primdft With high probability|Sa| <7 +1—n(1 —e™)(1 —¢).
collections. Slppose at timeé + 1 user A contacts user5. _If |Sal <
Given two usersA and B and some time, let P, and |Pp — Pal then A 'S..ab"? to receive a new piece frof
Py denote the respective primary collections of the use@Ithough this condition is not necessary)._ From the above
after ¢ time slots, and letS4 and Sp denote their secondaryargumems' and Lemma 9, it follows that#if+ 1 — n(l —

collections at the same time. L&z — P4 denote the set of fff)(l —¢) < n(l—e e (1 —¢), or equivalently if
pieces inPg but not in P,. Yl < (1—€)(1—e =), thenA can receive a piece from®

Lemma 9:Let e > 0. For¢ € [ni—?, ], with failure probability less tha exp(—e2ni—?/6). Taking
) e = 0.2 yields thatA can receive a piece from® with failure

P [\PB —Pal < n(l—em)e"w(1 - e)] < 4¢—<ni7°/6  probability less tha6 exp(—0.006n1~?). By the union bound,
it follows that all users are successful, with failure prioitity

ttingz = n(1 — e~ )(1 —¢) and using the Chernoff bound
above proves the second part of the lemma. |

ette [ni9, % — 1]. Observe that at the end of time slot

and fort € [ni=%,n), less thartn? exp(—0.006n7 %), for all times during Phase I,
for n large enough. This, in conjunction with the results for
P [|pA| <n(l—em)(1- 6)} < Qe—ezn%"s/q the Phase |, shows that all users have at I€agieces after
5 time slots, with probability approaching one as— oo.
Proof of Lemma 9: Each of the usersA and B make ¢ For help in analyzing Phase lll, we identify an additional

contacts up to time. Consider now an alternative systenproperty that is true at the end of Phase Il (i.e. at tife
where A and B make a random number of contacté, Let A be a set of pieces and let> 0. A is said to be &ad
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set if the number of users having no piecednat time 7 is large n: each of the users is missing at m@dbgn pieces,

greater thame. and each piece is present in at leagl — e~! — ¢) of the
Lemma 10:For e = 310% and L = 8logn, users. Examination of the proof of Theorem 2 shows that it
] ] (logn)? still holds if initially each node needs at mdspieces, even if
P [there exists a bad set of siZg¢ < e : different users need different setsiopieces. We can therefore

Proof of Lemma 10: The probability a given user has no@PPly this generalization of Theorem 2 with= 9logn and
pieces in a given set of piecesis less than or equal to the’l = 1_,6_1__6 to conclude that all users finish int-O(log n)
probability the user does not have a piecediiin its primary time with high probability. Theorem 7 is thus proved.
collection. This probability is further less than or equa(1—
L)%, whereL = |A|, because the user has magecontacts. VI. SIMULATIONS
n L
Furthermore,(1 — )% < e~ 7. Thus, the number of USers |, yyig section we investigate the performance of the PRI-
who do not have any pieces i at time 3 is stochastically oRTy pUSH and INTERLEAVE protocols using simula-
smaller than aBin(n,e™ %) random variable. Thus, tions. In the system model analyzed in this paper each user ha
. . . L the ability to communicate with a user chosen at random from

Plgven setd is bad < P {Bm(n’e ?)> ne} the entirg network, with alh users having equal probability.
Let £ be the event “there exists a bad set of siZe Since A more realistic assumption might be to let each user have
there are(’!) possible sets of siz&, a union bound over all only a limited view of the network that does not change over

such sets of siz& gives time. Specifically, we assume that each user has a fixed list of
a small number of other users, which we shall refer to as its
Pig] < (n)P {Bm(n, e_g) S ne} contact list A user only pushes to and pulls from other users
L in its contact list. Each contact list is generated randomly
< (Y[, —nLe2 independent of other contact lists. It remains constangafor
- L €n € t|me
I Consider now the case that users implement INTERLEAVE,
< e nke/2 but in each time slot a user communicates with a neighbor

7] N \en
LY (<) chosen at random from within its contact list. The source
< exp (L log 1 + ne + ne logl _ "L€> however still pus_hes pieces in every other time slot to aroth
€ 2 user chosen uniformly at random from the set of all users.

The second inequality above was obtained from the relatifigure 1 displays the observed time taken for= 1000
P[Bin(n,p) > k] < (7)p". For the choices of and L in the Pieces to be disseminated to= 500 users, versus the size
lemma, the last e;pcfnent is equal to of the contact lists. From this we can see that if each user

) ) has a contact list of size 8 or more, the completion time using
8(log n)*+3log n+3(log n)*—3(log n)(log(3log n))—12(log ) INTERLEAVE is close t02(k + log,n) ~ 2020, which is
which is less than- (log n)? for n > 3. This proves the lemma, Much better than thék + 2log, n predicted by Theorem 6.

n (logn) "= P This difference suggests that the proof technique for Téraor

Phase IIl: This phase goes from tim to timen. Suppose 6 is conservative.
at the beginning of Phase Ill that all users have at I€ast
pieces and that there are no bad sets of &ize 8logn, for
€= %. This is true with high probability, as shown above.
It follows that any user missing at lea8togn pieces at the
beginning of any time slot during Phase lll fails to obtain a
useful piece during the slot with probability at mest % 6000
So, at timen, the probability that a given user has more than
9logn pieces missing is less thal[Binomial(%, 21%67) >
9logn]. Using a Chernoff bound on the binomial distribution
(in particular, part 3 of Theorem 4.4 in [19]) it follows that
the probability that a given user h&dogn or more pieces
missing is less thag—?!°¢™ which is less tham—°. Taking
a union bound over the set of users, shows that all users hav s
at leastn — 9logn pieces by timen, with high probability.

The second part of Lemma 9 implies that the following ., \ ‘ ‘
property is also true with high probability at time each of ’ Size of contact s
the pieces has been obtained by at leggt— e ! — ¢) users.

8000

5000 -

Overall completion time

4000

Fig. 1. The completion times of INTERLEAVE for = 500 users and
k = 1000 pieces, versus the size of the user contact lists.

Phase IV

This phase begins at timeand finishes when every user has Besides the overall completion time, we are also interested
received every piece. By the previous analysis, at the bégin in the time a typical piece takes to get from the source to a
of Phase |V, the following is true with high probability fortypical user. Specifically, if a pieceemerges from the source
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at time ¢ and reaches a user at time ¢t + d, we say that
delay(i, j) = d. Theaverage delay profild(d) is the average o9l 1=3 1=4
of Lgelays,j)<a OVer all possible choices of uséand pieceyj:

n k
1
D(d) = %E E Lgelays,j)<d
i=1 j=1

where 1gejayi jy<a is 1 if and only if delayi,j) < d and 0
otherwise.

Different piece selection protocols have different averag
delay profiles. Also, for a given dissemination protocok th
average delay profile can vary with the size of each user's ozf
contact list. A delay profile rising further to the left imes,
on average, faster dissemination of pieces. Figure 2 phats t
average delay profiles fdr = 1000 pieces being disseminated % 10 20 %0 20 50 % 70 %0
to n = 500 users, for different choices: of user contact pee
list size. From the figure we see that users having contagg. 3. The average delay profiles of PRIORITY PUSH for= 500 users
lists of size two leads to poor performance, but with four dgindk = 1000 pieces, for different values of spacing
five contacts the average delay profile is comparable to that
achieved if each user were to have a complete view of the
network. « illustrated why the PRIORITY PUSH protocol would be

useful for the relay of source-coded pieces, and
« designed an efficient two-sided protocol for all-to-all

exchange.

We believe that the techniques and results of this work wdll a
in the understanding of systems that involve the decenédli
dissemination of large files. We would like to emphasize that
the dissemination of multiple pieces of data over unstmectu
networks is significantly different from the disseminatioh

a single piece, but also note that insights gained from singl
piece dissemination can be effectively leveraged to dgsign
tocols for multiple pieces. It would be interesting to inigate

the spread of multiple pieces in unstructured networksgusin
more detailed system models.

=3
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Average delay profile D(d)
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Delay d A. Lemma for Purely Pull-Based Protocols
Fig. 2. The average delay profiles of INTERLEAVE for= 500 users and ~ SUPpOsen andk are positive integers. LB, = > X;,
k = 1000 pieces, for different sizes: of user contact lists. where the X; are independent, and; has the Geo(:)

distribution. ThenB,, represents the number of pulls needed

We now turn our attention to the PRIORITY PUSH pro{in the best case of sequential pulling) in order fonodes to
tocol. Figure 3 plots the average delay profiles for differe@cquire a packet initially in one node.
choices of the spacing if each user has an entire view of the Lemma 11:Let S, denote the evens, = {B; < (1 —
network. Recall that the source transmits a new piece evepy log n}. (Suppose thatl —e)n log n is integer valued.) Then
I time slots. The final limiting value of each delay profileP[Sk] < 2exp(—n~(=9k).
represents the final fraction of users a typical piece remche For example, it = 2, thenP[Si] < 2exp(—n®/logn),
This is equivalent to the fraction of pieces a typical useyr, if k = n'~</2, then P[S,] < 2exp(—n/?).
ultimately receives. As predicted by Theorem 5, a spacing Pfoof of Lemma 11: B, has the same distribution as the

[ has a limiting value of approximately — e~". completion time for the coupon collection problem, staytin
from an initial collection of coupons that is missikgypes of
VIl. DISCUSSION coupons. Thus$), is the event that in a sample Of—e)n logn

In this work we random_cqupons, there is at least one coupon of each of
. . . L ) . __the k£ missing types. For the sake of comparison, consider
» investigated the speedup achieved in file disseminatigfl, ~5se that a random numbaF of random coupons is

_by brgaking the file into pieces. ) ) examined, whereV is a Poisson random variable with mean
« investigated the performance of one-sided piece seIecuPln_ e)nlogn. ThenP{N > (1—e)nlogn} > 1/2. (see [19]

protocols, n _ , Exercise 5.13). So
« designed the efficient piece selection protocol INTER-

LEAVE, PJ[succ. using1—e)nlogn coup] < 2P[succ. usingV coup].
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For the random sample size, the numbers of coupons of- YV, < (%")e—%(ts—t?) = % Thatis, Yy, > n(l—5).
different types are independent Poisson random variablés: is sufficiently largejts — ¢; < (0.1)elog, n, SO thatts <

with mean (1 — €)logn. Thus, a given type is found in (1 + ¢)log, n, and the lemma follows. [ |
the random size sample of random coupons with probabilityLemma 14:Given 0 < ¢ < 1 and0 < e < 1=¢, letty =
1 —e (=9lgn — 1 _ n=(1-9) Hence, | 7elog, n|. Then for sufficiently largen,
P[success usingV coupong = (1 —n~(179)F Py, =2t} > 1-— 1 (14)
° - 2

IN

exp(—kn=(17¢) _
p( ) 28 -V, < 2n7% for 0<t<t, (15)

The lemma is thus proved. .

Proof of Lemma 14: Although the push transmissions occur

in rounds, the selections of people can be considered sequen

B. Proof of Determinism of Classical Gossip Process tially. If the first 2¢ selections are distinct, theérj = 2¢. Each

Lemma 12:The functionG as defined in (7) is a strictly of these selections is distinct from the ones before it with
increasing map ofl,n] onto [2 — L, n], and it is Lipschitz probability at least — % SO

continuous with Lipschitz constant 2. Furthermore,

y PlY; =2' > 1—2—t ) >1—(2t)2
Gly) 2 2y(1 =) (12) t=21 2 " = "
and ; Hence, taking = ¢, and using the fact, < 7elog, n + 2,
—Gy) < (n—y)e ¥/m 13
n (y) — (n y)e ( ) P{}/t — 2t -0 S t S to} — P{}/to — 2t0} 2 1 _4n14€—1

Proof of Lemma 12: Note thatG(1) = 2— X andG(n) = n. 1,
Differentiating yields > 1= 9"

10y — (1 Yuq g 1 for n sufficiently large, and (14) is proved.

Gl =0 n) (1=(n=y)inQl n)) If 0<t<t,—1,thenY; < n’. This fact and (12) imply
Now 0 < —In(l —u) < 7% for 0 < » < 1. Hence for - - - Y, .
Y c []_’n], 2Yt Z Yt+1 Z QYt <1 — n) Z 2Yt(1 — n7571)
0<G'(y) <1—(n—1)log(1— l) <2 Hence, for0 < t < t,,
n
so that the first sentence of the lemma is proved. Inequality 2°>Y:¢ > 2°(1—nl<t)iclosn
(12) follows from the facf1 — 1)¥ > 1 — £. The functionG > 211 — (n""Y)Telogyn)
can be expressed as > 2Y(1—n=3%) for n large enough
Gly)=y+n—y)1-em) becauselOc < 1. Thus, (15) is proved. [ ]

wheree = (1 — 1)~ and (13) follows from the fact > e. Lemma 15:Fort > 0, P [[Yigr — G(Yy)| > Yin 3V, <
[ | exp(—i(yt); )
_ Lemma 13:For ¢ > 0, if n is sufficiently large, Proof of Lemma 15: The idea is to apply the Azuma-
Y (14e)logyn = (1= 5)n. Hoeffding inequality [19]. In a round beginning with;

Proof of Lemma 13: If the lemma is true for some > 0, informed people, there aig selections. Each selection has the
then it is trivially true for larger values of, so without loss potential to increase the number of informed people by one.
of generality it can be assumed thak e < 0.1. By (12), if Thus, givenY;, the variableY;; — G(Y;,) can be viewed

1<Y, <, thenY, 1 > (2(1 — g))?t. Hence, as the ending value of a martingale with steps, where the
. interval of uncertainty for each step has length one. H
Y, > min { (2 (1 _ E)) 7 ”6} for t > 0. Proof of Proposition 1: If Proposition 1 is true fot’ = 0, then
3 3 it is true for anyl’ € Z,, because the terrti can be covered
Lett: = (14 (0.9)e)1 The factln(l — €) > — /3~ by using a smaller valu.e. of. Thqs, in the proof, we can
1 = (1+(0.9)¢)logy n n(l=3) 2~ 2 take!’ = 0. Then Proposition 1.(i) is the same as Lemma 13,

—(0.35)e yields proved above. Note that if Proposition 1.(iii) holds for som

e > 0, then it also holds for larger. Thus, Proposition 1.(iii)

AN
2(1—- > In2 — (0. t . o :
( ( 3)) = exp([n (0-35)e]t:) can be proved with the additional assumption that 1=¢.
= nexp({[In2 — (0.35)€](0.9) Then, Proposition 1.(iii) follows easily from Propositidn(i)
—(0.35)}elog, n) and Proposition 1.(ii). It remains to prove Propositionii)l.(
1—c H
> nexp((0.20)elogyn) > n Let0 < c < 1land0 < e < . As in Lemma 14, let

o to = |Telogy n|. Let Ey denote the evenky = {Y;, = 2t }.

Thus,Yy, > min{n, 3} = <. Lemma 14 implies thaP[E,] > 1 — 1n~¢, and
Similarly, if Y, < 2, thenY ;1 > 3Y,. Hence, ift, = — . s

t1+1n(1)/In(3), thenY,, > mi@%(g)tz—tl,g =z Ey C{[Y: =Yy <2'n"for0<t<t,} (16)

Finilly, (13) yields that ify <Y; <n, thenn—Y;11 < Fort, <t < (1+¢€)logyn, let B, = {|Yi11 — G(Yy)|

(n —Y,)e /3. Hence, ifty = t + 3(In(2) — In(2)), then 2'n=3}. If E, is true andt > t,, thenY; > Y, = 2%

IV IA



n™, so by Lemma 15P[Ef|Eg] < exp(—%-) for ¢t > t,.

Therefore, withE' = Ey (ﬂtogtg(He) logy n Bt )
(14¢€)logyn (14€)logy n n—¢
PIEIE] < Y PIEIEIS Y exp(-")
t=t, t=t,
< (logym)exp(-0) < 2n~e
O, n)e _ i
S 23)) Xp 5 /=35

for n large enough. ThusP[E] = (1 — P[E°|Ey])P[E,] >
(1-in92>1-n"-

Let F, = {|Y; — Y| < 2'n=2¢}. It remains to show that
E C F;for1 <t < (1+¢)logy,n. Lemma 14.(ii) implies that
ECEyC Fifor0<t<t, Solett,+1 <t < (1+¢€) log, n.
Let G* denote the composition of the functiai with itself
k times. Expressing’; as a telescoping sum yields

t—1
Y, =G (V) 4 )G (Vi) - GTHG(Y)
i=t

and the definition oft’; yieldsY; = G*~'(Y,,). Thus,

Y, =Yy < |GT7(Y,) - GT(Yy,))

316 ) - G GO0

Now G* is Lipschitz continuous with Lipschitz consta®f.
On the event?, by (16),]Y;, — Y, | < 2fen~3¢ and, because
E C Ey, |Yii1—G(Y,)| < 2tn=3<fort, <t < (1+¢)log,n.
Therefore,

t—1
|Y; — ?t| < 2t7to(2ton73e + Z gt—i—logi,, =3¢
i=t,
S 2tn736 4 (t _ to)2t71n736 S 2tn726,

Therefore, if
(1 4 €)log,,.
entire praors

|

assumingn is so large thatlog, n)n=¢ <
n is sufficiently large,E C F, for 0 < ¢t
This establishes Proposition 1.(ii), and th
is proved.

1.
<
e
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