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Abstract We review two areas of recent research linking proportional fairness with
product form networks. The areas concern, respectively, the heavy traffic and the large
deviations limiting regimes for the stationary distribution of a flow model, where the
flow model is a stochastic process representing the randomly varying number of doc-
ument transfers present in a network sharing capacity according to the proportional
fairness criterion. In these two regimes we postulate the limiting form of the sta-
tionary distribution, by comparison with several variants of the fairness criterion. We
outline how product form results can help provide insight into the performance con-
sequences of resource pooling.
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1 Introduction

The processor sharing discipline has been of great interest to queueing theorists since
it was first used to model time-shared computer systems [19]. The discipline provides
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Queueing Syst

the two basic features desired in a time-shared system, namely, rapid service for short
jobs, and the appearance of a processor continuously available, albeit a processor of
varying capacity. The discipline is also remarkably tractable analytically, a feature
it shares with other symmetric queues such as the last-come-first-served queue and
Erlang’s model of a loss system [1, 6, 13]. Thus, for example, a processor sharing
queue with Poisson arrivals and independent, arbitrarily distributed service require-
ments has the property that the mean sojourn time in the queue of an arriving job is
proportional to the service requirement of that job, with a constant of proportionality
that does not depend upon the overall distribution of service requirements other than
through the distribution’s mean [7].

In recent decades the interest in processor sharing disciplines has extended to com-
munication networks, where the importance of rapid transfers for short files has been
stressed recently by [10]. For a system with multiple constrained resources there exist
several candidates for the natural generalization of processor sharing, reflecting the
ambiguity of what might be meant by fair sharing in the network context. A conve-
niently parameterized family, that of «-fair rate allocations, was introduced in [24].
The parameter « lies in the range (0, 0o), and the cases « — 0, « = 1 and ¢ — o0
correspond respectively to an allocation which achieves maximum throughput, is pro-
portionally fair or is max-min fair [24, 28].

Max-min is the fairness criterion most commonly discussed for communication
networks, but it is not the only possibility. Proportional fairness, in particular, has a
claim to be the natural network generalization of processor sharing, with a growing
literature showing that it has exact or approximate insensitivity properties [21, 22]
and important efficiency and robustness properties [5, 20].

One aim of this paper is to further advance this claim, by reviewing two areas of
recent research linking proportional fairness with product form networks. We con-
jecture the heavy traffic and large deviations behaviour of the stationary distribution
of a flow model that describes the randomly varying number of flows present in a
network sharing capacity according to the proportional fairness criterion. This flow
level model is introduced by Massoulié and Roberts [22]. In Sects. 5 and 6, we pro-
vide support for these conjectures by studying the heavy traffic and large deviations
behaviour of networks of processor sharing queues. Theorems 1, 2 and 3 establish
a close relationship between networks of processor sharing queues and proportional
fairness. Networks of processor sharing queues have a product form stationary dis-
tribution, and this suggests that product form results may hold for other stochastic
systems that more explicitly incorporate proportionally fair optimisation. Some lim-
itations are necessary: the topology of the network under study may result in modi-
fications of the conjectured product form. In Sect. 7 we study grid networks, a class
of network with a specific topology for which we can explicitly calculate the limit-
ing stationary distribution for the proportionally fair flow model. In Sect. 8 we study
modified proportional fairness, a variant of proportional fairness. These sections fur-
ther refine and motivate our conjectures for proportionally fair flow models. These
conjectures are presented in Sect. 9.

There is currently considerable interest in multi-path routing within the Internet,
because of its potential to improve reliability, flexibility and efficiency through re-
source pooling [31]. The model of [22] has been generalized by Han et al. [11] and
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Key and Massoulié [18] to allow multi-path routing. A second aim of this paper is to
outline how product form results can help provide insight into the performance con-
sequences of resource pooling. In particular, these results suggest an approximation
for the mean transfer time of a file in a network operating with multi-path routing
under the proportional fairness criterion. The approximation is expressed as a simple
sum of terms, one for each resource pool traversed by the file. Under the approxima-
tion, the network shares the remarkable property of a processor sharing queue, that
the mean transfer time of an arriving file is proportional to the size of the file.

2 Flow models, multi-path routing and resource pooling

In this section we introduce our model of flow through a congested network. We
begin by defining proportional fairness, in both the uni-path and multi-path setting,
following [15]. Then we describe the stochastic process which is the focus of this
paper: the process was introduced and studied by Massoulié and Roberts [22] as a
flow level model of Internet congestion control, and its generalization to allow multi-
path routing has been studied by Han et al. [11] and Key and Massoulié [18].

2.1 Fair sharing

Consider a network with a set 7 of resources. Let C j > 0 be the capacity of re-
source j € J. Let R be the set of possible routes, and suppose that a unit volume of
flow on route  consumes an amount a;, > 0 of resource j for each j € J, where
Zj c7ajr > 0foreachr € R. The simplest case is where we can identify each route

r with a non-empty subset of J ,and where aj, = 1if j € r, and @, = 0 otherwise.
In this case A = (a;,, j € J,r € R) is a0— 1 incidence matrix. Let n, be the number
of flows on route r. We also let J/ = | 7| and R = |R)|.

How might the capacities C = (C i, J € J) be shared over the routes R? An allo-
cation policy A(n) = (A.(n),r € R) € RE is called proportionally fair if Vn € RE,

AfF(n) = 0 when n, = 0 and AFF (n) solves!

maximise Z n,log A, 2.1
reR
subjectto Y aj A, <Cj. jed. 2.2)
reR
over A >0, reR. 2.3)

More generally, an allocation policy is feasible if each allocation A(n) satisfies con-
straints (2.2-2.3) Vn € RX.

IWe assume throughout this paper that x logx = 0 for x = 0, and we adopt the convention that 00=1.
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2.2 Multi-path routing and resource pooling

Next we describe a generalization of the earlier model that allows multi-path rout-
ing. Let S be a set of source-destination pairs where s € S is a non-empty subset
of the set of routes R: we interpret r € s as indicating that the route r is available
to carry flow between the source-destination pair s. Let Hy, = 1 if r € 5, and let
H;, = 0 otherwise. Thus H is an incidence matrix containing only zeros and ones,
and ZSES H, =1 for each r € R. Here we consider n = (n; : s € S), where we let
ng be the number of flows between source-destination pair s. We also let S = |S].

In this multi-path setting, an allocation policy A(n) = (As(n),s € S) € ]R;qr is
called proportionally fair if Yn € RS, APF (n) = 0 when ny = 0 and AP (n) solves

maximise Z nglog Ag 2.4
seS
subjectto Y ajy <Cj. jeJ. 2.5)
reR
Z Hgyr =45, se8, (2.6)
reR
over yv>0,reR and A;>0,5€S. 2.7

In this formulation, the variable y, represents the flow on route r, and (2.6) expresses
the flow between source-destination pair s as the sum of the flows over the routes
serving source-destination pair s.

It is possible to rewrite the optimisation problem (2.4-2.7) without the variables
yr, r € R. Consider the problem

maximise Z nglog Ag 2.8)
seS
subjectto Y ajA;<Cj, jeJ, 2.9)
seS
over Ay >0, sed. (2.10)

Then [12, Proposition 5.1] there exists a choice of J,A = (ajs,j € J,5 € 5),
C independent of n such that C has positive elements, A has non-negative ele-
ments and no column of A is identically zero, and such that the unique solution
for (Ag, s : ng > 0) to the optimisation problem (2.8-2.10) is also the unique solution
(Ag, s : ng > 0) to the optimisation problem (2.4-2.7).

The set J labels a set of virtual resources, or resource pools [31]. A resource
pool might, in a simple case, correspond to a cut set of resources. Typically resource
pools correspond to generalizations of cut constraints, and illustrative examples are
described in [12, 16, 31]. We define J = | 7|, the total number of resources.

Note that while as in Sect. 2.1 it may be natural for the matrix A to be a
0-1 route-resource incidence matrix, even in that case the elements of the matrix
A, corresponding to resource requirements at pooled resources, may be non-integral.
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Note also that in the case where the matrix H is the identity matrix, the multi-path
routing model reduces to the simpler model of Sect. 2.1.

The problem (2.8-2.10) is a straightforward convex optimisation problem, with
optimal solution

n
APy =—" 5e€8, (2.11)
’ 2 ses Pidjs
where the Lagrange multipliers (p;, j € J) satisfy
pj =0, m(c,-—Za,-sAfF(n)):o, jed. (2.12)

seS

2.3 Flow level model

An allocation A(n) describes how capacities are shared, for a given number of
flows ng on each source-destination pair s € S. Next we describe a stochastic model
[11, 18, 22] for how the number of flows within the network varies over time.

For an allocation policy A : Zf_ — Ri, define a A-stochastic flow level model to
be a continuous-time Markov chain on Z$ = {0,1,2,.. .}S with rates

Vs ifn =n+e;,
g(n,n')={ usAsn) ifn’=n—e;andn; >0, (2.13)
0 otherwise,

Vn,n' € 7S, where e is the s-th unit vector in Zi.

This model can be interpreted as follows. Documents (or files) wishing to be trans-
ferred between source-destination pair s arrive as a Poisson process of rate v;. These
documents are assumed to have a size that is independent and exponentially distrib-
uted with mean ;!. If currently the number of documents in transfer across routes
is given by the vector n € ZfL then each document on route s is transferred at rate
Ag(n)/ns. Documents are processed at this rate until there is a change in the net-
work’s state, caused either by a document transfer being completed, or by a document
arrival occurring.

We can extend the definition of a stochastic flow level model, described in the last
paragraph, so that the sizes of incoming documents are independent and of any pos-
itive distribution. Information on residual document sizes would be needed for such
processes to be Markov. Given this extension, a stochastic flow level model with
mean document sizes given by (ui_l i € 1) is insensitive if the stationary distribu-
tion for the number of documents in transfer does not depend on the distributions of
document size other than through the means (ui_l :i € Z). For more details please
refer to Bonald and Proutiere [3, 4].

If the allocation policy is proportionally fair, A = APF(n), then, defining p; =

2 5 € 8, the stochastic flow level model (2.13) is positive recurrent provided [2, 9]

s

Zaﬁpx<cj, jed. (2.14)
seS
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An aim of this paper is to understand better the stationary distribution of the flow
level model when this condition is satisfied.

3 A network of processor sharing queues

In this section we introduce what we call a network of processor sharing queues.
Customers in this network belong to different classes and the load different customer
classes offer at different queues is given by the entries of the matrix A, from Sect. 2.2.
Thus our queueing network will implicitly share the capacity constraints (2.14). In
this section we collect some well-known results about the product form stationary
distribution of queueing networks.

3.1 Definition

We now more precisely define a network of processor sharing queues. We consider
a network of queues indexed by the set of resources 7. Each queue j € J operates
under a processor sharing service discipline and has service capacity C;. Each cus-
tomer within the network has a class. The set of customer classes is indexed by the
set S, the set of source-destination pairs. A customer of class s € S at queue j € J
has an independent exponentially distributed service requirement with mean %2
Customers of each class s € S arrive into the network as a Poisson process of rate
vy and we define traffic intensities by the notation pg; = <. Upon arrival a customer
chooses to visit, independently and with equal probabihtgl, a queue from the set 7.
Similarly a customer which has just completed its service at queue j; and has vis-
ited queues ji, ..., jx—1 € J will choose its next queue independently with equal
probability from the set J\{ji,..., jk}. Once a customer has completed its service
requirement at all queues it leaves the network.

3.2 Additional notation

We now introduce some additional notation. The vector n = (ns : s € S) € 73 =
{0,1,2,...}5 will be used to quantify the number of customers of each class in our
queueing network and the vector m = (ms: je€ J,s €S) € ZJ]FXS will be used to
quantify the number of customers of each class at each queue. Thus we have that

nszg mjs, S€S.

jed

Welet(m;:jeJ)e ZJ]r give the number of customers at each queue, so that

mj=ijs, ]Ej
seS

’Ifa js =0 we assume a customer instantaneously completes its service, thus in effect never visits the
queue. Processor sharing queues are insensitive, thus the assumption that the service requirement of cus-
tomers is exponentially distributed is not necessary. We include this assumption for the convenience of our
analysis.
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For each n € Z/, we define X'(n) = {m € Z{*% : 3", smjs =ny, s € S}, the set of
queue states achievable given the number of customer in each class.> We also define

for each m € Zixs
m/' mj!
mjg:s€S [Tiesmjsh’

3.3 Stationary distributions

Let M (t) record the number of class s customers at queue j at time ¢ in a net-
work of processor sharing queues, and let M (t) = (M;s(¢), j € J,s € S). Note that
(M(t), t € Ry) is not Markov, but a Markov description could be constructed by aug-
menting M (¢) with information on which queues each customer has already visited.
From standard results [1, 6, 7, 13] on product form queueing networks we readily
deduce the following proposition and corollaries.

Proposition 1 A network of processor sharing queues has stationary distribution

—m) =B mj ajsps \""
P(M =m) =B ]_[((mﬁ:ses)g( C,-) ) (3.1)

jeJ

foreachm € Zixs, where

C.
B:= —f> (3.2)
].1;17((:] - erS AjsPs

provided

Y ajps<Cj. jed. (3.3)
seS

We can also consider the stationary distribution of the number of customers of
each class.

Corollary 1 The number of customer in each class, N = (N; : s € S), has stationary
distribution

B
P(N:n):_”]_[pg-v, nels, (3.4)
B seS

where

._ mj ajs\"” s
Byi= Y H<<mjs:se$)n<cj> ) nezs.  (3.5)

meX(n) jeJ seS

3In Sect. 6 when referring to large deviations, characteristics n, m and (m ; : j € J) will be used to refer
to proportions of customers within the network.
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From this we will be interested in the stationary distribution of a network of
processor sharing queues conditional on the number of customers of each class within
the network being given by a fixed vector n = (n;: s € S) € Zi. From the last two
results we can deduce that the conditional distribution is given by

e 1 (7)) oo

jeJg seS

for all m € X'(n). We will be specifically interested in the rate at which class s cus-
tomers are processed by a network of processor sharing queues given that the number
of customers of each class is equal to n.

Corollary 2 For a queue j € J and a class s € S with ajs > 0, and conditional on
there being n € Zi customers of each class, the rate at which class s customers are
processed through queue j in a network of processor sharing queues is given by

By,
By

s ’

where By, is defined by (3.5) and e; is the s-th unit vector in Zi.

Proof The probability that the network is in state m € Zixs is given by (3.6). Thus
the throughput of class s customers at queue j is

Z C]qupbg L l—[ (( niy ) 1—[ (Clls/)mly/)
. . , . /7
meX (n): ajsij By leJ Mis' =S € S s'eS C

m ;>0

Hs m; aps’ M5! Bn—es
=5 () T ) e
B mp s eS C B,

m'eX (n—ey) "eg s'eS

Above we cancelled terms and substituted m; , = myy — 1if (I, s") = (j, s) and m}, =
myy otherwise.

4 The spinning network

We next define a stochastic flow level model motivated by the network of proces-
sor sharing queues considered in the last section. In Corollary 2 we determined the
throughput of customers passing through a network of processor sharing queues con-
ditional on the number of customers in each class. From this, for n € Z5 , we define
the spinning allocation to be the allocation policy AN (n) = (ASN(n) : s € S) where

anq

ifng >0,
ASNmy=1 B ’ seS, “.1)
0 otherwise,
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where B,, is defined by (3.5). We call the stochastic flow level model defined by (2.13)
and operating under the spinning allocation A = ASN, the spinning network. The
spinning network is essentially the flow level generalization of a network of processor
sharing queues.

An allocation policy of this type was first considered by Massoulié, and was con-
sequently discussed in the thesis of Proutiere [26, Sect. 3.4]. Bonald and Proutiere
[4, 26] showed that the spinning network is insensitive to different document size
distributions. Walton [29] has established the weak convergence of a sequence of
processor sharing queueing networks to the spinning network.

Balanced fairness is a further allocation policy that has received attention [4, 26].
Balanced fairness has the unique property of being both insensitive and Pareto effi-
cient amongst the set of feasible allocation policies. As we shall discuss in Theorem 3,
in addition to being insensitive, the spinning allocations asymptotically approach the
set of Pareto efficient allocations. In particular, we shall see it converges to a pro-
portionally fair allocation [29]. It has been conjectured that the balanced fair policy
converges to the proportionally fair policy, in the sense described in Theorem 3, see
Massoulié [21].

The spinning network is reversible. By checking the detailed balance conditions
for the spinning network one can verify that its stationary distribution is

Bn s S
]P’(N:n):;l_‘lspf-, nezs.
SE

From Corollary 1, this is also the stationary distribution for the number of customers
of each class in a network of processor sharing queues, which is as we would expect,
given the motivation for the definition of the spinning network.

5 Heavy traffic and product form

In this section we consider a network of processor sharing queues as the system
approaches overload. We consider a sequence of networks, each in equilibrium, and
explore the connection in heavy traffic between proportionally fair stochastic flow
level models and product form queueing networks.

Foreachh e N={1,2,...},let M ) pe a stationary network of processor sharing
queues of the form described in Sect. 3, with traffic intensities ,os(h) = ps — ‘% for
s € S. We assume that o5 > 0 for s € S. We also assume that p € RS = [0, 00)S
is Pareto efficient, that is that Ap < C and V§ € RS , A(p + 8) < C implies § =
0. We shall say that queue j is in heavy traffic if (Ap); = C;. Thus M™ has a
stationary distribution given by Proposition 1 with its consequence Corollary 1. Thus
by definition we have that

N ="M ses, .1

Js’
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where forall j € J ands € S

(h) |y s(h) . . ajsps(h)
M:’|M:" ~ Binomial (Mj, ) 5.2)
js C;

and Mj(.h) , j € J, are independent with

7 AigO
M](.h) ~ Geometric <h @)
J

Letting h — oo,

m® .
(é :jej) = (M;:jed),

where M j is exponentially distributed with parameter M
J

if queue j is in
heavy traffic, M j = 0 otherwise, and M j» j € J, are independent. By the strong law
of large numbers for the binomial distribution (5.2), as & — oo,

)

s M
L:jej,ses = ajsps—/:jej,seS)
h C;

) A
Thus we have that NT = N, where

N, = Z ajspsc—{, Vs eS. (5.3)
jed /

Thus the (scaled) number of customers on route s is distributed as the sum of inde-
pendent exponential random variables. In addition by comparison with (5.3) and our
conditions on the positivity of M;, j € J, we can see that the conditions (2.11-2.12)
are satisfied and thus, almost surely, APF (N) = p;, s € S.

Let 7*={j € J : ) sesajsps = C;}. So that each route s traverses a queue in
heavy traffic we assume no column of the matrix (ajs, j € J*, s € S) is identically
zero. We also let J* = | J*|. Our argument above can be formalised to give the next
theorem.

Theorem 1 Ler M) have the stationary distribution (3.1) of a network of proces-
sor sharing queues with parameters o™ = (py — %S 5 €8), and let N be given
by (5.1). Then as h — oo

MmN

(TT) = (M,N),

where M, j € J, are independent, M j is exponentially distributed with parameter
Yies JC;’ Lj €T and M; =0, j € J\T*, and where N is defined by (5.3).
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Moreover, almost surely the pair (p,n) = ((AC/[—;)J-EJ, (Ns)seg) satisfies the pro-
portional fairness optimality conditions (2.11-2.12) and

A‘SDF(N) =ps, SES.

The proof of this theorem can be found in Appendix A.1.

A connection between multi-class networks of single server queues and the opti-
misation formulation (2.8-2.10) has been noted several times in the literature [14, 23,
27], and the above theorem provides a formalization, in heavy traffic, of the connec-
tion.

The support of N is the manifold

N={neRi:As(n)=ps, se€S}

={n:aqeR{* stng= Y qjAjsps. forseS}. (5.4)
jegr

The second equality above can be deduced from expressions (2.11-2.12) or alter-
natively seen in [17, Theorem 5.1]. In [17] it is shown that the proportionally fair
stochastic flow level model (2.13) has a fluid model in heavy traffic which converges
to exactly the manifold (5.4). Observe that there is a form of state space collapse:
the dimension of the manifold (5.4) is the row rank of the matrix A 7+ = (aj; :
jeJ* se€S8),at most J*. In [12] a diffusion approximation is established for the
proportionally fair stochastic flow level model, under certain additional conditions,
and the stationary distribution for the diffusion approximation matches the distrib-
ution for N found above. These additional conditions are that J* =7, so that all
resources are in heavy traffic, and a local traffic condition. This condition requires
that amongst the columns of the matrix A there are the columns of a diagonal matrix,
so that for each resource j € J there is a traffic stream s € S which uses just resource
J-

The local traffic condition implies that A has full row rank, and that the dimension
of the manifold AV is J*. In Sect. 7 we shall discuss an example where the matrix A
is not of full row rank, and where, in heavy traffic, there is a distinction between the
limiting stationary distributions of the proportionally fair stochastic flow level model
and the corresponding product form processor sharing queueing network.

6 Large deviations and convergence of throughput

In the previous section we considered the stationary behaviour of a network of proces-
sor sharing queues in a heavy traffic regime. We found in this analysis that a network
of processor sharing queues was able to capture certain aspects related to the multi-
path proportionally fair optimisation problem.

In this section we continue to pursue this relationship. We now consider a network
of processor sharing queues in a large deviations regime. We will show in Theo-
rem 2 that for a network of processor sharing queues the stationary distribution of the
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number of customers in each class obeys a large deviation principle with good rate
function

Ag
o, (n) = max nglog —
r AeRS Z ’ s

+ sing>0
subjectto Y "aj Ay <Cj. jeJ. (6.1)
seS

Note that, apart from a constant term added to the objective function, the optimisation
problem (6.1) is identical to the earlier problem (2.8-2.10).

We also state but do not prove an additional theorem, Theorem 3. Theorem 3
considers the throughput of a network of processor sharing queues conditional on the
number of customers of each class being large but proportional to some fixed vector
ne ]Ri. Theorem 3 demonstrates that this quantity converges to a solution of the
multi-path proportionally fair optimisation problem (2.8-2.10).

The results in this section are proven in [29], with the main distinction being that
the paper [29] only allows a customer to have exponentially distributed mean 1 ser-
vice requirement at each queue it visits. Here we allow customers to have service
requirements given by values in the matrix A; this is important in the context of
multi-path routing. The large deviations properties of the stationary distributions of
product form queueing networks were first considered by Pittel [25]. Massoulié [21]
first established the rate function (6.1) as the large deviations limit of stochastic flow
level models operating under modified proportional fairness.

To prove Theorem 2, first we prove a large deviation principle for the stationary
distribution of a network of processor sharing queues (3.1). Stirling’s formula is used
to find a rate function: label the rate function 8, (-). Applying the contraction principle
gives the large deviation principle for the number of customers in each class and finds
a,(+) expressed as the primal form of a convex optimisation problem. We calculate
the dual of this optimisation problem and find it to be of the form of (6.1).

We start by finding the rate function 8, (-).

Lemma 1 Suppose random variable M in ZJJFXS has the stationary distribution of
the number of customers of each class at queues in a network of processor sharing
queues (3.1). If we take a vector m € RJJFXS and take {d"™}, e a sequence of vectors
in R?*S such that hm +d™ e Zixs and supj, |[d"| < oo then

.1 h
hll)n;ozlogIP’(Mzhm +dM) =, (m),

where we define
m;sCj

m;jdjspPs

Bo(m):= Y mjslog (6.2)

jeJ,seS:

m;>0,aj;>0
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Proof For all j € J define, dj(.h) =) S d](if). By Stirling’s formula
lim ~ log P(M = hm +d™)
h—oco h

1
:hli)n;oz Z log(hm —l—d](.h))! - Z log(hm j —i—d;?)!

jeJd jeJ . seS
+ (hm s +d') log —“fc“ p“}
jeJ,seS J
= Jim z[ > ((hm +d{")log(hm +d”) — (hm; + "))
— 00 B )
5%
— > ((hmjs+dP)10g(hmj, +d5) = (hm s +d5)))
jeJ seS:
mjs>0
(h) AjsPs
+ . Z (hmjs—i—djs )logc—/:|
jeJ . seS .
(mys + %
. mis + —-—)C;j
:_hlggo Z m./flogﬂTflMZ—ﬁp(m)_
g (mj +=-)ajsps

O

From this result one can more formally establish the following large deviation princi-
ple. For details of how to formalise the following proposition please see [29, Sect. 6].

Proposition 2 If random variable M in Zixs has the stationary distribution of the
number of customers of each class at queues in a network of processor sharing

queues (3.1) then, as h — oo, {%}heN obeys a large deviation principle on

IxS
R+

with convex, continuous, good rate function B,(-). That is, for all D C Rixs Borel

measurable

M M
— inf B,(m) <liminfP| — € D ) <limsupP{ — € D ) < — inf B,(m),
meD° h—00 h h meD

h— 00

where D° is the interior of D and D is the closure of D.

To prove Theorem 2 we require two technical lemmas about the function g, ().

Lemma 2 For all A € (0, 00)3

0 ifzsesajsASSCj,Vjej

—00 otherwise.

inf SﬂA(m)={

Jx
meRy
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Proof Consider two probability distributions p and ¢ with the same support on S.
One can verify with calculus that the relative entropy D(pllq) =), ps log > of the
two probability distributions p and ¢ is such that

mljn D(pllq) =0
and is minimized by p = ¢g. Thus,

1nf Ba(m) = inf Z mjzmjY Mg

meR{*S meRJXSJ m;=0  ses mjajSAs
C;
= inf Z m'; jlog =———+
meR ZsesajS‘AY

0 if Y,esajsAs <Cj,

—o0 otherwise. O
Lemma 3 Forall A € (0,00)!, BA(-) is a convex continuous function.

See [29, Lemma 6.3] for a proof of this lemma.

We now prove Theorem 2. The theorem helps explain how the collapse of our
original queueing model is related to the multi-path proportionally fair optimisation
problem. On the one hand the expression (6.3) can be interpreted as saying that a
network of processor sharing queues wishes to minimise the entropy of queue sizes
subject to constraints on the number of customers in each class. On the other hand
the dual (6.4) can be interpreted as saying, given the number of customers of each
class, that flows wish to maximize the proportionally fair optimisation problem.

Theorem 2 If N is a random variable in Zi and has the stationary distribution of
the number of customers of each class in a network of processor sharing queues (3.4)
then, as h — oo, {%}heN obeys a large deviation principle on Ri with good rate
function

misCi
ap(n) = mi}lxs Z m s log #
me]R+ jeJ seS: mjdjspPs
m;j>0,a;s>0
subject to ijs =ng;, seS8 (6.3)
jed
As
= max nglog —
AeRi seS Ps
subject to Za isAs<Cj, jed. (6.4)
seS
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That is, for all Borel measurable D C Rf_ we have that

N N
— inf ay(n) <liminfP| — e D ) <limsupP| — € D ) < — inf a,(n).
neD° h—o0 h h D

h— 00 neD

Proof Applying the contraction principle [8, p. 126] to Proposition 2 using the con-
tinuous map f : RJJFXS — Ri such that f(m) = (Zjej mjs s € S) shows that

{% }hen obeys a large deviation principle with good rate function

misCj
ap(n) = mm Z mjglo sT
xS m ia
meRY jeT ses: jsPs

m;>0
subject to Z mjs =ng;, S€ES.
jeJ

As B, is convex, this is a convex optimisation problem. Let us calculate its dual
formulation. Using Lagrange multipliers A € RS, its Lagrangian is

mj;Cj
L(im, ) = Z mjsl i; + Z ( iji‘)
jeJ,seS: m;jdjsPs sing>0 jeJ
m;>0,ns>0

mjsC
= mislog —227 —I— Asnig.

jeJ . seS: s:ng>0
mj>0,n3>0
By Lemma 2
. )\. .
min L( )\) Zx:ns>0n~")‘s if ZSES ajspPse t= Cj’ J € j’
m, =
meR]<S —00 otherwise.

Thus we find that its dual is

ap(n)—max Z NgAs

1eRS sng>0

subject to Zajspse“ =Cj, jeJ.
seS

Substituting Ay = pge*s gives

Ay
ap(n) = max Z Ny log—

AERJr sty >0 s

subject to Za,’s/\sfcp jed.
seS -
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An important consequence of this result is given in the next result, Theorem 3. We
state the result here, but refer the reader to [23, Sect. C] for an accessible justification
of the result and to [29, Sect. 7] for a proof. In Theorem 3 we consider AfN (Lhn]), the
throughput of class s customers in a network of processor sharing queues conditional
on the number of customers of each class being given by |hn| = (Lhng] : s € S).
Theorem 3 states that as & — oo this throughput converges to a proportionally fair
bandwidth allocation.

Theorem 3 Foralln € Ri ands €S
ASN(Lan]) —— APE (),
h— o0
where we define |n| = (|ns] :s €S).

We note that this connection between the stationary behaviour of a product form
queueing network and a multi-path proportionally fair stochastic flow level model has
not required any rank condition on the matrix A.

7 Grid networks

In Sect. 5 we studied the stationary distribution of processor sharing queueing net-
works in heavy traffic. For grid networks the stationary distribution of proportion-
ally fair stochastic flow level models is known. Therefore we can form an analogous
heavy traffic analysis to Sect. 5. We know from Theorem 3 that asymptotically the
throughput of a network of processor sharing queues converges to a proportionally
fair allocation. Therefore we might expect the two models to agree in heavy traffic.
In fact, despite this, we find that under a heavy traffic scaling, the limit distributions
of these two models do not agree.

A K x L grid network is a network with uni-path routing, that is the set of routes
can be identified with the set of source-sink pairs. A K x L grid network has links
J={k):k=1,...,K,l=1,...,L} and routes R =S = {k}K_, U{l}L_| where
k={k,):l=1,...,L}yandl = {(k,]): k=1,..., K}. We refer to routes indexed
by k as vertical routes and routes indexed by / as horizontal routes. We let n,; denote
the number of horizontal flows on route k and we let ny; denote the number of vertical
flows on route /. In addition we use the shorthand n, and n, to denote the total
number of horizontal flows and vertical flows respectively. We assume all capacities
are equal to 1, as are all non-zero entries of the matrix A. For the proportionally fair
stochastic flow level model we assume that documents arrive as a Poisson process,
of rate v, for each vertical route and of rate v, for each horizontal route and that
document sizes are independent and exponentially distributed, with parameter p, for

each vertical route and of rate ., for each horizontal route. Finally we define o, = l‘i—*

and py = % For an example of a 2 x 2 grid network see Fig. 1.

We can calculate the rates and stationary distribution of a proportionally fair sto-
chastic flow level model on a grid network. The following proposition is due to
Bonald and Massoulié [2].

@ Springer



Queueing Syst

Fig. 1 2 x 2 grid network 1 2
(1.1) (2,1)

(1,2) (2,2)

Proposition 3 For all n Zf“‘ , a K x L grid network operating under propor-
tional fairness has an allocation

K
APF () = =1 Mk k=1,....K
Zlf:l ek + Y0y Tyl .1
] .
APF (n) = 2iz1 My I=1,....L.

I3 T g
Dkt Mk 2 iy

Its proportionally fair stochastic flow level model has a stationary distribution,

K L
1 —1 Nxk + )= Ny K L ony
HD(N =I’l) — Zk_l xk Zl_l vl pxz:k=1”xkp21:1 ”>17 (72)
K y
Clp) Dkt Mk

Zf *L \where

K—-1L-1 kAl
k+1 Px Py

k=1 I=1

forne

Proof We first confirm (7.1). Note that given we hold all vertical rates fixed then
the optimal horizontal rates must satisfy Ay =1 —max; A; Yk =1,..., K. So the
optimal choice of horizontal rates has all horizontal rates equal. By symmetry the
same must hold for all vertical routes: A; = Ay VI,I'’=1,..., L. Also the capacity
constraint gives that Ay = 1 — A;. These equalities reduce the proportionally fair
optimisation problem to a problem in two variables which can be solved to give (7.1).

The detailed balance conditions can be checked to show that the process 7 is re-
versible, with stationary distribution (7.2).

Finally, the normalising constant (7.3) is found in Lemma 5 in Appendix A.2. [

Consider a network of processor sharing queues from Sect. 3, with the topology
of a K x L grid network. We know, as shown in Theorem 1, that the geometri-
cally distributed queue sizes approach exponential distributions under a heavy traffic
scaling. Thus the total number of customers in the processor sharing queueing net-
work, under the same scaling, will approach an Erlang distribution with parameters
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K x L and oy + oy. If the heavy traffic stationary distributions of both the queue-
ing model and the proportionally fair model were the same then the distribution of
the total number of documents in transfer in the proportionally fair model would be
Erlang(K x L, oy + o0y). The next result shows that this is not the case and that the
distribution is in fact Erlang(K + L — 1, 0, +0y).

Theorem 4 Foreach h € N, let N have the stationary distribution of a proportion-
ally fair stochastic flow level model on a K x L grid network with traffic intensities
,O,Eh) = px — ‘2—", p;h) =py — % and px + py = 1. Let N'® be the total number of

documents in transfer in this model, then

N'® .
= N,
h

where N' has an Erlang distribution with parameters K + L — 1 and oy + 0.

Proof The moment generating function of distribution of the total number of docu-
ments in a K x L grid network (7.3) is given by

C(pxe?, pye?)
C(p)

The highest order term in (7.3) is from k = K — 1 and [ = L — 1, in that

, 6eC.

K-1,L-1

h % (), 8\ _ Px Py K+L—1 K+L+1
C(pen. pyler) = (Gx+0y_9)K+L7]h +o(h )

as h — oo.

Thus,
1(h) ) K+L—1
]EeeNT = (ox +oy) 1 +o0(1)
(Ux + Oy — 9)K+L7
(oy + O'y)K+L71 oR
=Ee"" .
h—oo (0oy + oy — G)K'H‘_l
Thus by Lévy’s convergence theorem the result holds [30]. d

7.1 The 2 x 2 grid network

We now consider more explicitly the behaviour of 2 x 2 grid networks. The limiting
distribution of a 2 x 2 grid network is characterized in the following proposition. This
distribution differs from the distribution found in Theorem 1 and does not have the
same heavy traffic limit as the queueing model. Interestingly we find that the limiting
distribution can be expressed in terms of K x L independent exponential random
variables conditioned on belonging to a certain linear subspace. This suggests that
a stronger form of collapse occurs for the proportionally fair stochastic flow level
model. The following result is proved in Appendix A.2.
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Proposition 4 For each h € N, let N have the stationary distribution of a propor-
tionally fair stochastic flow level model on a 2 x 2 grid network with traffic intensities

h h )
p)(()=px—"7x,p§,):p),—%andpx+py=1.Then
N -
— = N
h

where

N = (IOX[Q(I,I) + Q(l,Z)]» ,Ox[Q(z,l) + Q(z,z)],

/Oy[Q(l,l) + Q(z,l)], py[Q(l,Z) + Q(z,z)])

and Q has the distribution of four independent exponential random variables con-
strained to the space {q € R : q(1.1) + 92,2 = q.1) + 4(1,2)}, with density function

P(@)=C'l[ga1y + 9@ =qe.1) +qa.pJe” F @t a0 tae.)

where C' is a scaling constant and integration is taken over q(1.1y, q(1,2) and m :=
qa,1) + 92,2 =4q@.1) + q,2) with respect to the Lebesgue measure on R3..

Even though the stationary heavy traffic behaviour of the processor sharing queue-
ing network and the proportionally fair flow model differ, the large deviations behav-
iour of both stationary distributions is the same.

Lemmad If N has the stationary distribution of a proportionally fair stochastic flow
level model on a 2 x 2 grid network with traffic intensities py, py and px + py < 1
then

o1
hli)ngo 7 log]P’(N = Lhnj)

Axl Ax2

Ay Ay
= — max ny log + nyo log +ny1log—— +nyolog
AeRi Px Px Py Py

subjectto Ay + Ay <1 fork=12,1=1,2.

Proof Using Stirling’s approximation on the distribution of N gives

o1
hll>nolo ;A logIP’(N = Lhnj)

h— o0

<Lhnx1J + [hngo] + |hny ] + Lhny2J>
Lhny1] + Lhnyo|

% p)\ghnmj-i-\_hnxzj p}hn)-1J+Lhn>~zJ

1
= l1mm A og

_h—>ooh

. 1
lim _[h(nxl +nx2 +ny1 +ny2) log(h(nxl +nx2 +ny1 +ny2))
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l’l n +n hns +n
—h(n +ni2)log Mt 12) h(ny1 +ny2)log M]
X py
Nyl +ny2

= —(ny1 +ny2)log
! ! Ox(nx1 +nx2 +ny +ny2)

Nyl +ny2
py(nxl +nx2+ny + ny2) )

- (nyl + nyZ) log

We know from Proposition 3 that this solves the proportionally fair optimisation prob-
lem for a 2 x 2 grid network. 0

8 Performance of modified proportional fairness

As we have seen for grid networks, product form networks of processor sharing
queues do not capture the heavy traffic behaviour of proportional fairness. In order
to study this behaviour in more detail we turn our attention to modified proportional
fairness, an alternative allocation policy introduced in [21].

8.1 Modified proportional fairness
To define modified proportional fairness, we first let

Y iesnslog APF(n), neZs
a(n) =
00, otherwise.

Also from expression (6.1) recall o, (n). We define the modified proportionally fair
allocation by

AMP (n) =expla(n) —a(n —ey)}, neRi. (8.1)

In the following theorem we collect several results found in Massoulié [21] that relate
modified proportional fairness and proportional fairness.

Theorem S (i) A stochastic flow level model operating under modified proportional
fairness is reversible and has an invariant measure given by

nz)wp(n) =e %MW pe Zi. (8.2)

(i1) The following large deviations relationship holds:

hlin;oélognglP(Lth) =—a,(n).
(iii) For s € S such that ng > 0,
AYP (hn) — APE ).
Proof (i) This can be verified with the detailed balance equations. (ii) This holds

noting that a,(-) is continuous and that o, (hn) = ho, (n). (iii) This can be verified
using Lemmas 1 and 2 of Massoulié [21]. Il
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8.2 Modified proportional fairness in heavy traffic

We next explore how the invariant measure (8 2) behaves in heavy traffic. Let ,o(h)
Ps — 7+ for s € S where as in Sect. 5 p € R is Pareto efficient.
First note

(h)

o, (hn) = a, (hn) = a(hn) — ac(hn) = > hng log 2

s
seS

n)

hng
Sty ) _ hap(n)r[(l__) . (8.3)

seS hps

= —ths 10g<

seS

Therefore

Now we consider the e~ * ) term in the above expression. We know that o, (n) > 0
since «,, is a rate function. Further,

PF
apm=0 < Y nlog (”) =0

seS
= Z”S log AfF(n) = Zns log ps
seS seS

= A =py

the final equivalence follows from the fact that p is feasible and achieves the optimal
value of the objective function, and is therefore the unique optimum. Thus the only
values of n € Ri without a leading exponential decay term in expression (8.3) are
those on the manifold A/ given by (5.4). From (8.3),

hng
—a ) (hn) fhoz (n)
e r = p | |
( h,os)

seS

—— ) =Tine N =",

Note that the support of the density f(n), the manifold A, may well have di-
mension less than J. The density f(n) is consistent with the results found for grid
networks operating under proportional fairness in heavy traffic. Thus it seems plausi-
ble that the stationary distribution of proportional fairness in heavy traffic will agree
with the above distribution. We present this as a conjecture in the following section.

9 Conjectures

The results from Sects. 5 and 6 suggest a close relationship between the stationary
behaviour of networks of processor sharing queues and proportionally fair stochastic
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flow level models, but the results in Sect. 7 put limitations on any such relation-
ship. Based on these results we state a heavy traffic conjecture and a large deviations
conjecture for the asymptotic behaviour of proportionally fair stochastic flow level
models.

As in Theorem 1 we choose p® to be such that ps(h) = pg — % for s € S where
pE Ri is Pareto efficient. We also define J* ={j € J : ) csajsps = C;}. Define
Agx=(ajs:j € J* s €d8), the submatrix of A formed by removing the j-th row
for each j € J\J*. Consider Ker(Af7*), the kernel of the transpose of A 7+ and let
K= Ker(Afy*)J- be its orthogonal complement. Note that I is chosen so that the
map K > N, g (n:ng= Zjej* qjAjsps) is bijective.

Conjecture 1 If, for each h € N, N has the stationary distribution of a propor-
tionally fair stochastic flow level model with traffic intensities p™ = (p; — % 15 €S8)
then, as h — 00,

N 5
— = N,
h

where

Ns: ZajSpSQj’ seS.
jeJ*
Here, for each j € J\J*, Qj =0, and (Qj 1 j € J*) are independent exponen-
tial random variables with parameters ) g as0s conditioned on belonging to the
subspace IC; that is (Qj 1 ] € J%*) has density

p(q) = C'llq € Kle™ Liea* Lses 1i%is%s

where C' is a scaling constant and integration is taken with respect to the Lebesgue
measure on K.

Note that if A 7+ is of full row rank then K = Rf " and the conditioned random
variables (Q,' : j € J*) of the conjecture remain independent exponentially distrib-
uted random variables.

It is interesting to compare this with a conjecture of Massoulié [21].

Conjecture 2 If N has the stationary distribution of a proportionally fair stochastic
flow level model with traffic intensities given by p € Ri then, as h — o0, {%}heN
obeys a large deviation principle with good rate function

A
ap(n) = ma)§ Znslog—s

S seS Ps

subject to ZajsAxgcj, jed. 9.1)
seS
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That is for all Borel measurable D C Rf_ we have that

N N
— inf a,(n) <liminfP| — € D ) <limsupP| — € D | < — inf a,(n).
° h—o0 h h

neD h— 00 neD

This conjecture suggests that the large deviations behaviour of the stationary dis-
tribution of a proportionally fair stochastic flow level model is unaffected by the row
rank of the matrix A and that it agrees with the results found for networks of processor
sharing queues in Sect. 6.

10 Concluding remarks

We conclude by recalling one of our aims, to provide insight into the performance
consequences of resource pooling. A network of processor sharing queues has the re-
markable property that the mean sojourn time in the network of an arriving document
of class s is
_ G s

jear CI TP M ’
where pj =) sajsps is the load on resource j, even when service requirements
have arbitrary distributions [7, 13]. The results we have reviewed are motivated by the
possibility that an approximation of this form may be justified under proportionally
fair multi-path routing, where .7 labels the set of pooled resources.

The heavy traffic results of [12] are suggestive, but the results concern the sta-
tionary distribution of a diffusion limit, rather than the limiting form of a stationary
distribution, and also require the local traffic condition. The local traffic condition is,
unfortunately, difficult to verify with multi-path routing. We have studied an exam-
ple where the condition is not satisfied, the grid network of Sect. 7, and where the
number of documents in the system has approximately an Erlang distribution, but
arising from the sum of K + L — 1, rather than K L, independent exponential random
variables. Nevertheless, the behaviour of modified proportional fairness suggests a
simple heavy traffic description of stationary proportionally fair flow models. This
description coincides with that found in networks of processor sharing queues, under
the less restrictive assumption that the matrix A is of full row rank.

Appendix

A.1 Proof of Theorem 1

The characteristic function of (M](f) 1jed,se8)is
(h)

i N Yas Ci—) .csaj
Ee' D bisMj H( J ZseS JS(}/;; — )’ 0 ER_{_XS.
jeg NCj = Yesajsps €
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The characteristic function of (M jijeJ)is

i Y ajsOg
Eel Zijeg $iMj _ < 2ses s - ), 1) ER_J,_.
,g 2sesjsos —iCi@;

()
Thus (N;l s € S) has a characteristic function that converges in the following way:

Eo/ Toest 5 — 1—[( Cj—Dsesislps = F) )

jeT “Cj =Y cesjs(ps — %)el h

( ZseSajSUS )
h—o0 jeJ* erSajSGS_iZseSajSGS

. M, .
= Eel ZSES’jEJ ajsgs Cil = ]Eei ZSES Os Ny .

Thus by Lévy’s convergence theorem [30] %h) = N as h — oo.

Now consider the proportionally fair optimisation problem

max Z NY log A

AeRS -
s §:Ny>0
subject to ZajsAS <Cj, jeJ.
seS

The proportional fairness optimality conditions (2.11-2.12) are satisfied by A; = py

forseSandg; = AC/[—I’ for j € J. Therefore

ps =APF(N), seS.

A.2 Proofs for grid networks
First we calculate the scaling constant for a K x L grid network.

Lemma 5

K L
_1Nxk + an K Lo
C(p)= 2 : Zk—l xk Zl—l yl p);kzlnxkpyx:lzln)l (A])
Zli(:lnxk

_K—lL—l k+l ,0)15,0; A
_ZZ k (1_px_py)k+l+l' (A2)
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Proof From (A.1) we can deduce the following.

K L
Dokt Mk 2y Myl Shoing Yiiny
Z K Px Py
Zk:] Rxfk

K+L
neZy

00
ny +ny n, Ny
= § § E n lox' py
X
W=0 (eony): neZf Y ng=n,
nx+ny=n Zl ny=ny

i Z nx—l-K L\ fny+L—1\[ny+ny\ ,
- ; L—1 ne )PP

n'=0 (ny,ny

ny+ny=n’
> ¥ () ()
n'=0 (ny,ny): 8px a,Oy
ny+ny=n’

'0){(71 ,0)[,‘_1 My +n}' ny My

K-—DIL—D\ n, [P

9 K—-1 9 L—1 00 ,Of 1 pL—l .
=(m) (%ﬁ [XLKJw@ DIREREY

9 K—1 9 L—1 ,OK 1 pf,fl 1
zﬁm> (%ﬁ [m—m&—mu—m—mJ

_K—lL—l 1 9Kk— 1 kpx 1 gL—1— lpy
== (K — 1) 3,0K 1-k (L—l)! 3pL 1-1
akJrl 1

apxapy (1 —px — py)

_’i“i (k—i—l) kol
- o o YkHA+I
=1 =1 k 1 - px py)

as required.

O

To establish Proposition 4 we calculate the prelimit and limit characteristic func-

tions and then prove convergence.

Lemma 6 The characteristic function of the stationary distribution of a 2 x 2 grid
network operating under proportional fairness with intensities pyx, py such that py +
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py <1lis

]Eeiexlle+i€x2Nx2+i9y1Nyl+i9y2Ny2

CE] [ pxeienp.""myl pxeiex':oyewﬂ
(pre'fxl —pxeié)XZ)(pyeieyl _pyeig)vZ) 1—pyei®sl _pyeieyl 1 prel _pye. .
/’X"’iexzpyemyl ﬁxeigxzpyemﬂ
_ 1~ preifa2 —pye"e"l 1—pyei®e2 _pyeieﬂ ]
1 2peeifaap 2 prei®s2 4 py 2 1
P [(17Pxei9)‘2*pyemy2)3 (lfpxeiexz *Pyem-"'z)z (1*pxei9x2*py€my2) ’
= c,! ppeifxl pye;eyl prei®sl oyl
Py(eioyl—eieyz)[(1—pxeiﬁxl—ﬂyei9y1)2 - (1—pyeifxl —pe'¥32)2
pAe 1 _ p,\-e”’ﬂ ]
(I=pyest—pee' 1) (1=pyel®s1—pe'™2) L’
C;l pyeieyl pyreifxl pyemyl pyeifn2
ox (eie,\-] ,eiexz) [(l_pyeie}q _pxezexl )2 - (1—pyei9)'1 —pxe“’xz)Z

preifil pre'fe2 ]
(1—pye' 1 —peel®c1)  (1—pye™1 —prei®s2)

where the four cases above correspond respectively to the cases: 01 # 0y2 and 0y1 #
Oy2; Ox1 = 0x2 and 0y1 = 0y2; Ox1 = 0x2 and Oy1 # 0y, and Oy # Ox2 and 6y = 0y;.

Proof Suppose 0y1 # 02 and 0y # 0y5.
CpEeiaxlNx1+i0x2N.x2+i9ylNyl"rie)-ZNyZ

_Z Nyl +nx2 +ny1 +ny

e Nyl +Nyx2

x (,Oxeig"” )"xl (pxeiexz)nxz (pyeieyl)nyl (pyeiGyz)nyz

= (K 0Nk 0\ K—k
SE(5) T ey
K=0k=0

niny+nyy=k
nyj +ny2=K—k

X (eiexlfigxz)nl (ei9)1+i9y2)nyl
oo K

K . .

0y \k 0,0\ K-
=22 () (o) pye™)
K=0k=0
1— e(iﬂn—i@ﬂ)(k-}-l) 1— e(ieylfieyz)(kaJrl)
X - - - -
1 _ elﬁxl—lexz 1 _ 619}4—19)-2

k=0

1 oo K
- eiexz _ eigxl 19‘2 10y1 Z Z
=0
1 i i k 1 K— k
X [elexzeleyz (pxel@cz) (pyeleyz)
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_ el‘exzelpyl (pxeiexz)k(pyeieyl)l{—k + eia\.leigyl (pxeiQXI)k(pyeieyl)K_k]

1 1
~ \eifa — e )\ Lifha _ ,ifys

o0
. . . . K . . . . K
x Z [819)(2619}2 (onelexz + pyeleyz) o el@;(]el@yz (pxelgxl + pyeleyz)
K=0

. . . . K . . . . K
_ elexzeléyl (pxelexz + pyele)-l) + elexleIle (pxelgxl + pyeleyl) ]

1 1
 \eifa — et )\ 4ifha _ ity

0612 4i02 2i0x1 ity

) [1 — preif — pyei0y2 - 1 — pyeifst — ;Oyemyz
0ix2 i1 0ifx1 piby1

- preife — pyeieyl " 1 — preifat — )Oyeie'vl i|

This gives the 0,1 # 0,2 and 6y # 6y, case. The 61 = 6,2 and 0y = 0y, case is
given by Lemma 5. The remaining cases have a proof that is very similar to these two
cases. 0

Lemma 7 Let N be a random variable in Ri with a density given by exponential
random variables constrained to a linear subspace

p(n) _ C~‘_1H|:nxl +ny _ nyi +ny2:|e_g_);(nxl+nX2)€_:_;(nyl+n‘v2)
=C, = 2 ,

Px Py
~ 2 . L .
where C, = —L25 and integration is assumed to be taken over dny\dn,idm with
P (oy+oy)3 Y
. nyp+ny O .. .
m= ”-“pﬂ = %. Then N has characteristic function
x 'y
~1
Cp [ 1 _ 1

(iexlfiexZ)(ieylfieyz) Ux+f7y*pxi6x2fpyi9y2 Ux+0y*pxi9x1*pyi9y2

_ 1 + 1 ]
0‘x+(7yfpxi9x2*pyi9yl ox+oy—pxifx1—pyib3yl I
_ 2C; " pepy
FeitN — i R—
e - (0x+0y—pxibx1—pyiby1)

~—1

G [ Px _ Px ]

(i0y1—i6y2) (Ux""ay_ﬂxiexl_pyigyl)z (Ux"l‘Uy_PxiQxl_Pyieﬁ)z ’
A1

i Cp' [ Py _ Py ]

(i0x1—=i0x2) L (ox+0y—pxiby1—pyify1)? (ox+0y—pxibxr—pyiby1)* 4’

where the four cases above correspond respectively to the cases: 0x1 # 0y2 and 0y1 #

Oy2; Ox1 = 0x2 and 0y1 = 0y3; Ox1 = 0x2 and Oy1 # 0y, and Oy # 0x2 and 60y = 0y;.
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Proof Once again we only consider the 0,1 # 0y2, 61 # 0)2 case (the other cases
follow similarly).

N
L [0 mpy pmox . .
C_I/ / f elexlnxlelex2(pxm_nxl)eleylnyl
o
0 0 0

x ' oym=ny) g=(oxto)m g, dnydm

B 0o . mpx. [mpy . .
_ ol / 0520000 (i6y2py—0y)m [ / o (82—t
r 0 0 0

x e~ 0y2=i0my1 gy dnyidm

]Eeie-

o
_ ol / 1220~ Im (632 py —0y)m
0
0

1— ef(i9x27i0xl)pxm 1— ef(ie_\'Zfieyl)pym
X . , . , dm
1600 — 1651 iy — iy

c;! o ,
— P / (e(lex2px+19y2py_o'x_Uy)m
(i9x2_i0xl)(i9y2_i9yl) 0

— e(igxl Px +i9)-2py —0ox—0y)m

_ e(i9xsz+i9)-1m—Ux—ay)m + e(i9x1Px+i9ylpy_‘7x_(7y)m) dm

-1
C,

" (i6x2 — 0x1)(i0y2 — i6y1)

1 1
% —
|:Ux +oy —i0ypx —ibypy  Ox T 0y —i0x1px —i0y20y

1 1
- - - + - -
Ox +Uy_l‘9x2px_ley1p)7 Ox +0y_19xlpx _leylpy]
as required. |

Proof of Proposition 4 We consider the limit behaviour of the characteristic function
of NTh We only consider the case where 0,1 # 6y2 and 60,1 # 6y,. The other cases
follow similarly. For & € R* with 6,1 # 6x2 and 6y # 6,2,

(h) (h)

) My ., NI My1 . Ny
C_IIEe’GXlN o Hi0x2 =520yt M tify =
P

1 1
=\ T, 0,2 i1 0,2
e h —eh h —eh

e
i0yy 102 0y 10y2
e h e h e h e h
X —— —
(h) a2 (hy %2 (h) L hy 2
L—py e —py e 1—pyle py eh
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iy 1Oy iy 1y
e h eh e h e h
B ) G2y U + ) L ) i9>'1]
L—px e —py e L—px e —pyeh

B h? 1
(i0x1 — i0x2) (01 — i6y2) |:Ux +oy —ibopx — iy
1 1
oy +oy —ibx10x —i0y20y o+ oy — i0x20x — iby1 0y

: ]+0@3.

oxtoy— 10105 — ieylpy

Similarly,
h) (h h h
Com = 2p" o o + o 1

pt h h h h h h
(1= =pi™? A =p" =2 1= p® —p

200y 13 3

=" w3 1o(hd).

(ox + O'y)3 ( )

Thus comparing these two expressions gives that

i 0
Ee"”' n —— [Ee
h—o0

i0-N

for all 6,1 # 6x2 and 6y # 6y>. The other cases follow similarly. Thus, by Lévy’s

convergence theorem [30], # = N where N has density as given in Lemma 7.
The linear map given by matrix

1 px px 0 0 qa,n
n2 | |0 0 px q1,2)
nyil ey O py O qe.1
ny2 0 py 0 py q.2)

. Nx1tny —

is bijeCtiVG from {q € Ri qa,1) 922 =912 + q(z,z)} to {n e Ri : o
"“"'pﬂ}. Therefore we can express the density function from Lemma 7 in the form
o

given in Proposition 4. O
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